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Abstract
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1 Introduction

Interest in time series model with infinite variance innovations grew consid-
erably due to the increased applications in the areas of telecommunication,
finance and economics. Details and reference on these applications can be
found in Adler et al. (1998) and Ling (2005). A discussion and references
on financial applications can also be found in Caner (1998) and Lee and Ng
(2010).

Asymptotic behavior of parameters estimates for time series models with in-
finite variance innovations received considerable attention in the literature.
Davis and Resnick (1985a) and Davis and Resnick (1986) obtained the asymp-
totic distribution of least square estimator for infinite variance autoregres-
sive (IVAR) models. Davis et al. (1992) provided asymptotic distributions for
M-estimators and least absolute deviation estimators of IVAR parameters.
Asymptotic behavior of parameters estimators, in the case infinite variance
ARMA models (IVARMA), can be found in Davis (1996) and Mikosch et al.
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(1995). Recently a weighted least absolute deviation estimator for IVARMA
parameters was considered by Pan et al. (2007). Details about rates of con-
vergence of these estimators can be found in Section 2.

The manuscript considers diagnostic tests for errors of AR models with infinite
variance innovations. It first defines and studies empirical and copula processes
based of residuals of these models. Empirical process based on transformed
residuals are also considered. The manuscript then uses these processes to
build goodness-of-fit and randomness tests for the innovations. The paper
is organized as follows. Section 2 introduces the key notations and studies
the asymptotic behavior of empirical and copula processes based on residuals
and squared residuals of IVAR models. Applications to goodness-of-fit and
randomness tests are outlined in Section 3. Proofs are presented in Section 4.

2 Notations and main results

Consider an AR(p) model X; = ¢g+ >0 ¢ Xs 1+ &5, i = 1,...,n. Assume
that the errors €’s are independent and have distribution F' belonging to the
domain of attraction of a stable law with index a € (0,2). Let {e;,}1<i<n
denote the residuals that is

A p A
ein=X;—do— > 0Xi, 1 <i<n,
=1

where ¢ = (¢o, ..., ¢p) is a consistent estimate of ¢ = (¢o, - .., ¢,). Let

n

1
F.(t) = gZL[ei <t}, teR.
=1

be the empirical distribution of the non-observable errors &’s and define the
empirical distribution of the residuals F;, by

- 1.
F.(t) = 521{@,“ <t}, teR.

=1

Let F,(t) = /n{F,(t) — F(t)}, denotes the empirical process based on the
residuals and let also I, (t) = /n{F,(t) — F(t)} be the empirical process for
the non-observable errors €’s. Note that I,,(t) = B,,(F(t)) where

B, (1) = \/15 z: 1{F(e) <u} —u], ue01]

is the classical empirical process of a sequence of i.i.d uniform random vari-
ables. One generalizes these definitions to the multivariate setting in the follow-
ing manner. Let m be an integer greater or equal to 1, let t = (t1,...,¢,,) € R™



and define L
Fom(t)=—> 1{ei <ti, ..., citm1 < tm},
Mm =1
where n,,, = n —m + 1. Note that F,,,, is the joint empirical distribution of
a block of m consecutive non-observable errors £’s. Define the joint empirical
distribution of the residuals F,, ,,, by

1 Nm

Fn,m(t) - ni Z l{ei,n S tly c o Cibm—1n S tm}

m =1
Let F,,(t) = [I7, F(t;) and let K, (t) = /A {Fpm (t) = Fpn (t) }, denotes the
multivariate empirical process based on the residuals and define also K, ,,,(t) =

VP AFnm(t) — Fp(t)} as the multivariate empirical process for the non-
observable errors €’s. Set

1 Nm m
B (ur, .. ty) = — Z H{F () <upy ..., Feiom1) < Upm} — H U
Vim = =1
Say more about the process and relations for 0 < uq,...,u,, < 1. Observe that

B,.,m is the m-block empirical process of a sequence of i.i.d uniform random
variables and that IF,,(t) = K,, 1 (¢).

Note that if ¢(2) = 1 — S0_, ¢r2* does not have roots with |2| < 1 then the
AR(p) process defined above can be represented as X; = ¢ + 352, cjer—; (see
for instance Brockwell and Davis (1991) page 573). The following assumptions
will be needed to establish the asymptotic of the process Kn,m.

(A1) P{le1] > 2} = 1 - F(z) + F(—z) = 27 *L(z), where L(z) is a slowly
varying function at oco.

(A.2) lim, oo P{e; > a}/P{le1| > 2} =p, with 0 <p < 1.

(A.3) F admits a uniformly continuous bounded density f.

(A.4) 322, || converges for £ < min(a, 1).

The asymptotic behavior of the parameters’ estimator was considered by
Davis and Resnick (1985b), Davis and Resnick (1986), Davis et al. (1992)
and Mikosch et al. (1995). It is shown the convergence of the estimate ¢; for
1 <1 < pis in general faster then y/n . In particular Davis and Resnick
(1985b) and Davis and Resnick (1986) showed that the least square estimate
has a rate of convergence of the order of n'/®Ly(n) for some slowly varying
function Ly and Davis et al. (1992) showed that M-estimators have a rate of
convergence a, where a, = inf{z : nP{|e;| > 2} < 1} is again of the order
n'/*L;(n) for some slowly varying function L. They also showed that the least
absolute deviation (LAD) estimator has a rate of convergence at least a,, and
that the M-estimator of ¢ is such that y/n (QZ;O — ¢po) converges in distribution
to a normal with mean zero. To establish the asymptotic of the process ]Kn,m it

is therefore assumed that the estimates are such y/n (ngSO — ) converges weakly



to some Zy and that dn(ggl G150, gz§p — ¢p) converges weakly to (Z1,. .., Zp)
for some sequence @, = n'/ aL( ) with L a slowly varying function.

To state the main result let a, = nt/ ai(n) be as indicated above and let

O = (Bg, Dy,...,D,) where Dy = \/n (¢g — dy) and &, = a,(d — ¢y) for
I=1,...,p

Theorem 1 If Assumptions (A.1)-(A.4) are satisfied, if (®1,...,®,) con-
verges weakly to (Zy,...,7Z,) and if (Bn,’nn(i)O)N converges weakly to (B,,, Zo)
then ]Kmm(:c) converges weakly to the process K,, having the following repre-
sentation K, (t) = By, (F(t1), ..., F(tm)) + 2521 Zof(t5)) ke F(tr)-

All proofs are given in the Appendix. As a corollary to the above one gets the
asymptotic of the univariate empirical residual process.

Corollary 2 Under the assumptions of Theorem 1, the empirical process F,
converges to a continuous process F with representation F(t) = Ki(t) =
B(F(t)) + f(t)Zy, where B is the classical Brownian bridge.

An interesting feature is observed if one considers the empirical process of the
squared residuals. It is shown that if f is symmetric then the asymptotic of the
empirical process of the squared residuals are independent of the estimated
parameters and are equivalent to the asymptotic of the empirical process based
on the squares of the non-observable errors €’s. The details are given in the
following Corollary.

Corollary 3 For any fived integer m > 1, let G, n(t) = FZ L 1{e?

ty o€ 1 <t} — Iy G(tk) where G(t) = F(V/t) — F(—=V/t) and
t = (t,...,t ) [0,00)™. Under the assumptions of Theorem 1, the em-
Qim’cal process @nm converges to a continuous process Gm with representation
Cn(t) = B (GO)+37, (F ()~ F(=/T)} Zo iy Glta). I f s symmetric
then G, (t) = G (t) = B, (G(t)) does not depend on whether the parameters
are estimated or known.

zn—

When testing for randomness of the residuals one often relies on nonparametric
tests. These tests are, in general, functional of the empirical copula process
whose asymptotic is provided in the next theorem.

Theorem 4 For any fized integer m > 1, let @nm(t) FZ v 1{é;, <

ULy oy Citmatn < Um} — [Ijeq up where é;, = Fn(ei,n) denotes the normal-
ized rank of the residual e;, and where u = (uy,...,uy) € [0,1]™. Under
the assumptions of Theorem 1, the empirical copula process based on resid-
uals, @n,m; converges to the continuous process C,,(u) = By, (ug, ..., uy) —

S B, 1, oo 1) Tz e



Note that the process C,,, does not depend on whether the parameters are es-
timated or known. That is, critical values for tests statistics based on @n,m can
be easily obtained from simulation of i.i.d sequences. Details will be provided
in Section 3.

3 Applications to goodness-of-fit and randomness tests

Goodness-of-fit and randomness tests are obtained by considering functional
of the above mentioned processes. In what follows the section is divided into
two parts; one dealing with goodness-of-fit tests and the other devoted to tests
of independence.

3.1 Goodness-of-fit tests

To test the null hypothesis that states that the error distribution F' is equal
to a certain distribution Fp one can use the process F,, and if Fy is symmetric
than one can use G, ,, instead. To be specific define

T, = /]F 2dFy(1) /{ f:1{FOem <u}—u]}2du.

Setting Go(t) = Fo(v/t) — Fo(—+/t) for t > 0 one then defines

T — /@n,l(t)QdGO(t) = /01 {\/lﬁil [1{G0(ein) <u}— u}} du

It follows from Corollary 2 that T, converges weakly to T = [ Ky (t)2dFy(t).
Finding critical values for 7" is not that obvious since the covariance function
of the process K; is in general not easy to handle. However, if the error distri-
bution £y, is symmetric then Corollary 3 implies that T converges weakly to
T* = [} B(u)?du where B is the standard Brownian bridge. Tables for T* are
widely available; see for instance Shorack and Wellner (1986). Note that this
test is equivalent to a classical goodness of fit test of a series of i.i.d random
variable. In particular, when the error distribution is symmetric, one can take
the series of squared residuals an apply to it any of the goodness-of-fit test
(Cramer von Mises, or Kolmogorov Smirnov) the same way he would apply it
a to a series of i.i.d random variables.



3.2 Tests of independence

As mentioned in Section 2 a distribution free test of the independence of the
errors can be obtained using the process C,, ,,,. In particular, on could use the
Cramer von Mises functional

1 1.
Tom :/ / Cn,m(ula'--aum)Qdul"'um'
0 0

By Theorem 4, 7y, ., converges weakly to 7, fo fol Con(tr, oy um)?duy .. u

where C,, is the sequential empirical copula of a sequence of i.i.d random vari-
able. The asymptotic of 7, ,, can then be obtained from the simulation of 7;, .,
using a sequence i.i.d uniform random variables. Alternative tests based on the
copula process, developed in Genest and Rémillard (2004) and Genest et al.
(2007), could used here.

4 Proofs

The process K, ,, is written as

Kom(t) = Ko (t) + By (t) = B (F(t1), - F(tm)) + By n(t)

ﬁnm ﬁ; Jl_[ll{ezﬂ 1 St} — Hl{glﬂ 1 <t -

The weak convergence of B, ,,, the serial empirical process of a sequence of
i.i.d. random variables, is easy to establish (see for instance Delgado (1996) or
Ghoudi et al. (2001)). Therefore most of the proof resides in establishing the
limiting behavior of 3, ,,. One notes that the process 3, ,, can be written as

Bum(t) = > Bunlt)

Acz, Card(4)>1

where Z = {1,...,m} and

Bin(t) = L % IT Heijin <t} — e < 3] [T Hemyor < 85}

VTm 21 jea JET\A

To establish the asymptotic of 3, ,, it will be shown that Bim is negligible
for any A C I with Card(A) > 2 and that if A = {j} then Bi(t) is

asymptotically equivalent to o f (¢t ) ks F'(t). The detailed statements are
given in the next two propositions.

m»



Proposition 5 If Assumptions (A.1)-(A.4) are satisfied then supgcgm 'ﬁﬁ’m(t)‘
converges to zero in probability for any subset A C I for which Card(A) > 2.

Proposition 6 Let j € Z, if assumptions (A.1)-(A.4) are satisfied then

sup ,B{J} H F(tg)

teR™ k#j
converges to zero in probability.

The proof of these statements shall be given after recalling some useful results
and introducing some simplifying notations. First, recall that Cline (1983)
showed that if F" satisfies (A.1) and (A.2) then

PUXN > 1) _ $h e, 1)

j=0

lim
P P{le1| > =}

and

Jim nP{|X1| > apz} =) |¢j|*z™* forall z > 0. (2)

J=0

Next, for any & = (@, By, ...®,) € R define Ty(®) = 22 4+ 57, #24=L. De-
fine T; = ﬁ—kzlg izt and for any u = (uy,...,un) € 0,1]™, and any § €
R, let &7 (0, ®,0) = fymm(u,CI),é) R (0, ®,0) = FZZ " (0, @, 0)
where /@nm(u,@,é) = ”yg;n,m(u,q),é) R] (u,® (5) and where yJ . (u, ®,0) =

,n,m

Zi:l 71,n,m(u7 (I)7 5)/\/ N, and R?@,m(uv @7 5) Z z N0 m(u7 (1)7 6)/\/ Nm with

W (0, ®,8) = [1 {€itjo1 < F7(uy) + Tijoa(®) + 0Tip,1 )

-1 {57;4_]‘_1 S F_I(Uj)}‘| X ﬁ 1{5i+kz—1 S F_l(uk)}7

k=1,k#j

and

Rl (0, @,8) = [F{F ™" (u;) + Tiyj1(®) + 6Ti 51 ) — g

X Jli[ 1{5i+k—1 S F_l(uk)} ﬁ (uk)

Observe that B{J}( t) = v.(u, o O) with uy = F(tg) for 1 < k‘ <
In an analogous way one defines k% (u,®,0) = > /imm( 8)/\/"om
n,m(u’¢)75) - Zz lﬁznm(u P 5)/\/ nm,where Rznm(u P 5) Vznm( 7CI)75)

m.



J+
Ri,n,m

(u,®,0), and fig;hm(u, D 0) = vig,m(m D 5) — R{;,m(u, . §), with

V(W ®,6) = I{Fl%') < e S P ()

+ max (0, Ligjm1(®) + 5fi+jl)} H Hein1 < F M (ug)},
k=1,k#j

%j,;m(uv q)v 5) = _1{F_1(uj) + min (Oa Fi-i-j—l(q)) + 5Fi+j_1) S Eitj—1 <

F_1<Uj)} ﬁ e < FHw)},

k=1,k#j

R (0, @,8) = [F{F " (u;) + max(0, Ty j1(®) + 0Ty5-1) } — ]

Jj—1 m
L Hevir < P} 1T (m)
k=1 k=j+1

and

Rg,;m(u, CI), 5) = — [Uj — F {F_l(Uj) + min(O, Fi-i-j—l(q)) + 5fi+j—1)}]
Jj—1 m
X 1{5i+k71 < Fﬁl(uk)} H (uk)
k=1 k=j-+1
To complete notations one introduces 77 (u, ®,0) = >7im 757;m(u? D, 0)/\/Tom,
Vo (0, ®,8) = P Af L (w, ®,6)/ /M, and in a similar way RIE, (u, ®,5) =
S R (0, ®,8)/ /My and R (0, ®,6) = S0 R, (0, @, 8) / /T

The proof of Propositions 5 and 6 shall be provided after establishing a series
of technical Lemmas.

Lemma 7 If the distribution F satisfies assumptions (A.1) and (A.2) then

(1) &nl\/ﬁ > | X converges to zero in probability,

(2) ﬁ 22:1 f‘iz 1+ 0,(1)

(3) P T21{T; < ¢} < 2+ 0,(1) for any sequence of positive numbers (¢,)
satisfying lim,, oo ﬁ +n¢*a,“L({ya,) = 0, and

(4) ﬁ S 1{T; > ¢} converges to zero in probability for any sequence of

A tc
positive numbers ((,) satisfying lim,, o cml/ﬁ + "Ci”a: = 0 for some ¢ > 0.

Remark 8 [t is worth noting that statement (4) in the above Lemma applies
to the case ¢, = ¢ > 0 and that both statements (3) and (4) apply if G, =n~"
for 0 < p < min(1/2, (2a)71).



PROOF: Let b, = a,n’® where 0 < § < 1/2. One writes 7, | X;|/(dn,/n) =
Api+Ane where A,y = Y0 | XG[H{|XG| < bn}/(any/n) and A, = 0 | XG[1{|XG| >
bn}/(any/n). Tt follows from the stationarity of the sequence of X;’s that
E|A| = nE{X1|1{|X1] < b,}}/a,. Now for 0 < a < 1 one writes

E{X X[ < baj} P{IXi| > ba}  bn
b P{|X1| > b} P{|X1] > an} any/n’

E|An| = nP{X1| > a,}

It is easy to see that the first term in the above right-hand-side converges to
2520 |ej|* < oo by (2) and (A.4), while the second term converges to a/(1—a)
by Karamata’s Theorem (Feller (1971), Page 283). The third term is bounded
by 1 since b,, > a,, and the last term goes to zero by the choice of b,,. Therefore
E|A,;1| converges to zero and hence A,; converges to zero in probability.

For o = 1, it follows from Karamata’s Theorem that E{|X;|1{|X;| < z}} is
slowly varying function, therefore for any n > 0

(X 11X < b))} Vi by

bl an,

E|A| =

The first term in the above right-hand-side goes to zero for any 1 > 0 and the
second term also goes to zero for 0 < n < (2—a)/(24 2ad). This implies that
E|A,;| converges to zero and A,; converges to zero in probability.

For 1 < a < 2, E{|X1|} < oo and hence E|A,1| < v/n E{|X1|}/a, which goes
to zero since \/n /a, — 0 as a,, is regularly varying with index 1/« € (1/2,1).

To complete the proof of this first statement of the Lemma observe that for
any 1 > 0 one has P{|An2| > n} < P{U~ {|X;| > b.}} < nP{|X:| > b,}. But
it follows from the definition of b,, that for any M > 0 there exist ng such that
for n > ng one has b, > Ma,, that is nP{|X1| > b,} < nP{|X1| > Ma,} and
hence by (2), limy, 0o nP{[X1| > b} < M7 322 |c;|* for any M > 0. This
yields lim,, o, nP{|X;| > b,} = 0 and A5 converges to zero in probability.

To show statement (2) on the Lemma, it suffices to see that ﬁ noly =
1+ \/alan >y 21 | Xi—¢| and that ﬁ i1 e | Xl < ﬁ i | Xal =
0p(1) by statement (1) of the Lemma.

For statement (3) note that

no n (9 P Xl 2 B
ST <G> +2[Z = ] HTi <G}
st i=1 \ =1 dn
2p n p 9 -~
<24 S Y X P < G-
n =1 (=1

10



By the condition on ¢, one verifies that n large enough 1/y/n < (,/2 hence
| X o|P1{T; < G} < | Xio)?1{| Xi—e| < (n@n/2}. Therefore

n p 2
E (?jzz | X,;_¢|*1{[; < Cn}> < QQQ"E (IX2P1{|X3 | < Cain/2})

n =1 4¢=1 n

which by Assumption (A.1), equation (1) and Karamata’s Theorem is equiva-
lent to 2*~'p*a 322 |¢;|*ndr“a, “ L(Culn) /(2 — a) which goes to zero by hy-
pothesis. One then concludes that ?Tg mSP X eP1{T; < (.} converges
in probability to zero.

To prove statement (4), recall that for n large enough 1/y/n < (,/2 hence
Ty > G} < 1{S0 X > &2} < 7 1{]Xi¢| > G2}, Therefore
E (X 1Ty > G} /v ) < pyn P{|X1|> &1 which by (A.1) and (1)
has the same limit as (2p)* 352 [¢;|*v/n (Cuin) ™ *L(Ca@n). Direct algebraic
manipulations show that

Vn (Cnln) ™" L(Cpan) = n [ Cnldjj o {(Cndn)lﬁ;"il/@nan)]
nza

which goes to zero as n goes to infinity since by the conditions on the sequence
(¢n) each of the three terms in the above right-hand-side goes zero. This implies

that \/n P {|X1| > Cg%} goes to zero and completes the proof. |

Lemma 9 If A, converges to zero and if F' satisfies (A.3) then

sup [f(z) = f(¥)l

z,y: |F(z)-F(y)|<An

CONVETGES to zero.

PRrooF: It will be shown first that lim, ,1., f(z) = 0. We shall give the proof
for x — +o00 the case x — —o0 being similar and is therefore omitted. We will
proceed by contradiction. Assume that the there exists n > 0 and sequence
Z, — +oo such that f(z,) > 7. The uniform continuity of f implies that
there exists a 6 > 0 such that |f(x) — f(z,)| < n/2 and hence f(z) > n/2
for all n and all x € (z,, — 0, x, + ). Next, note that x,, — 400 implies that
1 — F(x,) converges to zero, that is, there exists ng such that for n > ng one
has 1 — F(z,) <né/4. But 1 — F(z,) > ff:” f(t)dt > nd /2 which contradicts
the above and proves that lim,_, . f(z) = 0.

To prove the Lemma we will also proceed by contradiction and assume that
there exist n > 0 and sequences x, and y, for which |F(x,) — F(y,)| < A,
and |f(xz,) — f(yn)| > n hold for all n > 1. We first show that the sequences
r, and y, must be bounded. In fact if both sequences are going to infinity
then a contradiction is clear since |f(z,) — f(yn)| < [f(zn)] + |f(yn)| goes

11



to zero by the above argument. If one sequence is going to infinity and the
other one is bounded, then with out loss of generality we may assume that
Z, is unbounded sequence while y,, is a bounded sequence. One can extract
subsequences (z,,, ) and (y,,, ) such that z,,, — oo and y,,,, — yo for some limit
point yo. The continuity of f and |f(z,) — f(y,)| > n imply that f(yo) > 0.
Also the continuity of F' and |F(x,) — F(y,)| < A, imply that F(yy) = 1
or F(yp) = 0 depending on whether x,,, — 400 or z,,, — —oo. Next the
uniform continuity of f implies that there exists 6 > 0 such that f(¢) >
n/2 for all t € (yo — 9,90 + ). We show that this contradict the fact that
F(yo) = 1 or F(yo) = 0. If F(yy) = 1 then there is a contradiction because
0=1-="F(y) = > ft)dt > [ f(t)dt > no/2. If F(yo) = 0 then the
contradiction is seen because 0 = F(yo) = [* f(t)dt > [P 5 f(t)dt > nd/2.
To complete the proof it just remains to show that the case of both (z,)
and (y,) bounded also implies a contradiction. To this end assume that both
sequences are bounded, that is there exist subsequences (z,,, Yn,.) — (Zo, Yo)
for some limit point (g, yo). The same arguments as before imply that F'(zq) =
F(yo) and |f(xo) — f(yo)| > 1. One immediately sees that zy # yo, and can,
without loss of generality, assume that xy < yo. Observe that the continuity
of the density f and |f(xo) — f(yo)| > n imply that there exist a < b such that
(a,b) C (xo,y0) and f(t) > n/2 for all t € (a,b). But a contradiction follows
since 0 = F(yo) — F(xo) = [0 f()dt > [ f(t)dt > (b — a)/2. u

Lemma 10 Let (A,) be a sequence of positive numbers going to zero as n
goes to infinity and let BI(A,) = {(u,v) € [0,1]™ x [0,1]™ : |u; — v;] <
A, and up = vy for all k # j}. If assumptions (A.1)-(A.4) are satisfied then

sup |R (0, @,6) — R (v, ®,0)]
(u,v)eBi(A,

and

sup  |R),,(u,®,6) — R),.(v,®,0)]

(u,v)EBI(Ay)

converges to zero in probability as n goes to infinity.
PROOF: The proofs for R}, and RJ, are quite similar, therefore only the
proof for R} shall be given. First set ; = F~'(u;) and 2} = F~'(v;) and
let ¢, = n~” for some 0 < p < 1/4. Observe that sequence (,, satisfies the
conditions of Lemma 7 and note that for all ||®|| < B and for all |§] < o,

|RIY, (0, ®,6) — RJY (v, ®,0)| is bounded by

M=

| {; + max(0, D1 (®) + 005 j-1) } — Fla)) + F(x3)
=1
—F {7 + max(0, Ty _1(®) + mﬂ-,l)}\ 1{(B +00)Tiyjm1 < Gu}

Zl{ B+(50 z+j_1>Cn}.

n

12



The second term in the above goes to zero in probability by statement (4) of
Lemma 7, while applying the Mean Value Theorem shows that the first term
is bounded by

0, _
S Bl (3) — FEL{(B + ) iesos <.}

W_here .i'j S [Z’j, X +O\/(Fi+j—1(q)>+5fi+j—1)] and T I’ S [ZL’J s I] +0\/<PH_J_1((I))+
0T'i+;-1)] and where a V b denotes max(a, b). Usmg the triangular inequality,

one bounds the above term by

B—i—(5

205 B (18 = £+ 1) = 1)
+ £ (@) = F@)L{(B+60)Tinj1 < G}

Direct computations show that the sup of the above quantity over the set
B(A,) is less or equal to

2 sup 1) = fE)l+ s [f@) - )|~ IV

|z—y|<Cn () F( <A, i=1

The proof is then complete upon calling on the uniform continuity of f, Lemma
9, and Lemma 7. [ |

Lemma 11 Let B/(n) = {(u,v) € [0,1]™ x [0,1]™ : u; = v; and Juy — vg| <
n for all k # j}. If assumptions (A.1)-(A.4) are satisfied then

sup  |R)Y (u,®,8) — R (v, ®,0)]
(u,v)€Bi (n)

and

sup | R), (0, ®,0) — Rl (v, ®,0)]
(u,v)eBI (n)

converges to zero in probability as n goes to zero.
PROOF: Again, only the proof for RJJr shall be given. It will be shown that

the convergence is uniform for all ||<I>|| < B and [6| < dp. Recall that u; = v,
and observe that

13



R} (u,®,6) — R} (v, ®,0)]

Vf?:EQ{F{F () + max(0, Loyt () + T5-1)} — ]

m Jj—
11 CEERRETCURI | ) CTEWE S
k=j+1 k=1 k=j+1 k=1
1 =
<—— 3 [F{F () + max(0, Tipj1(®) + 0L11)} — ]
m =1
m j—1
T e [T e < Fl(u T w T e < F 0 W}
k=j+1 k=1 k=j+1 k=1

Since F' is uniformly continuous and admits a bounded density one easily
verifies that |RJY, (u, ®,0) — R} (v, ®,06)| < (A1 + Az)\/n/nm, where

1 \/—Zl{r >Cn

and
B+5 o m j-1
Ay = 1718 %) ZFH-] 1‘ H up — ] we) [T H{F(eigr-1) < un}
—g+1 k=j+1 k=1
Jj—
I w Hl{F Eivkor) < up}— Hl{F eivk-1) < 0 })|1{Tigy1 < Ga},
k=j+1 k=1

with ¢, = n~” for 0 < p < 1/4. By Lemma 7, the term A; goes to zero in
probability, the proof will then follows if one shows that A, goes to zero in
probability. This is achieved by first letting C' = || f||(B + do) and noting that

m Nm

C
A< T we— I] ol YT 1+f ZFW {Tijo1 < Ga}

\/_ k]+1 k=j+1 =1
—1

[H H{F(eiph-1) <upVug}— H W (giyp-1) < up /\Uk}}

k=1 =
Snjl—oir \F(irg 1L < G))
(i {ZH H{EF(eirk-1) < up Vop} — kl:[ H{F(girk-1) < ugp A U’“}D%'

14



Upon calling on Lemma 7 one bounds the above by

1 i1 i1 1/2
mnC(1+0,(1))+C(2 + 0,(1)) {2||an —Fnl2 + ( I we vor — IT we A vk> }
k=1

which is smaller or equal to mnC(1 + 0,(1)) + C(2 + 0,(1))/mn + 2C(2 +
op()||Fpm — F,.||z. By the adaptation of Glivenco-Cantelli Theorem, the
latter goes to zero in probability as n goes to infinity and 1 goes to zero. H

Lemma 12 If assumptions (A.1)-(A.4) are satisfied then, for any compact
subset D of RP™ and any 5y > 0,

sup sup sup |n " (u,®,6)|
|6]<80 uefo,1]™ ®€D

and

sup sup sup |, (u, @, 0))|
|8|<do uel0,1]m @D’

converge to zero in probability.

PrRoOOF: The two terms being quite similar, therefore only the proof for m{fm
is presented. First, for n > 0 and let Dy, ..., Dk be a finite cover of D with
diameter smaller than 7 and centers denoted <I>1 , &K respectively. Let also
d1,...,00 be a partition of [—d0, dp] with mesh between n and 27. Note that
o c D implies that ® € Dy, for some 1 < k < K and |4| < §y implies that
5T <6< Sr—l—l for some 1 <r < M — 1. Set SO = —Jp —n and 5M+1 =dg+nit
then follows from the definition of /%, that

kIE (w0, @,6) > k1T (0, 6,1) — RIF (u, ®F,0,00) + RZY (u, @, 6,)

KIE (0, @,8) < wIE (0, B, 6,40) + BRI (w, @F, 0,10) — RET (u, @, 6,_).
It is quite easy to verify that, for any u € [0, 1] and any ®,

1
[RI% (0, @, 0,40) — RIE (0, @,0,1)] < 677||f||iZF

m =1

which by Lemma 7 and (A.3) goes to zero in probability when 7 goes to zero.
Therefore the result will be proven if one shows that supye(g im [555, (1, ®,6)|
converges to zero in probability for any fixed ® € D and any ﬁmte 5. To achieve
this, choose (K,) as a sequence of positive integers satisfying lim,, ,o, v/n /K, +
K,/n'=? =0, for some 0 < p < 1/2, and let A, = 1/K,,. Choose 0 = by <
by < -+ < bk, =1 to be a partition of [0, 1] with mesh less or equal to A,,.
Let K be a positive integer and set ay = k/K for k = 0,1,..., K note that
aop, ai, . . .,ax form a partition of [0, 1]. One sees that for any u € (0,1)™ there
exist 0 < r; < K, — 1 such b, < u; < by 41 and 0 < 1, < K — 1 such
ar, < up < ap 41 for 1 <k < m. Note that the partition by, ..., bk, will only

15



used for the jth component while the partition ay, ..., ax will be used for the
rest of the component. Setting

+
u = (a’T1+17 ceey Qry g1, bT‘jJrlu Apjp14+1y - .- 7a7“m+1)7
*
u - (a'r‘l-i-la s 7a7"j_1+17 b?”j) a'r‘j+1+17 s aa'rm-i—l)a
u = (arn s 7arj717brj7 Arigqy - 7arm)a
and
*— _
u = (s Gy D1, ey ),

one obtains

’}/znm(u o 5) < ’anm(u+7 ®75)+1{br3 S ui-l—j—l S brj—H} H 1{ui+k—1 S ark+1}7
k=1

k#j

Vznm(u o 6) > ’anm( _761)75)_1{ij < Uitj—1 < bT’j+1} H 1{ui+k—1 < ark}v

k=1
-y
j-1 m
Rg;m(u o 5) < Ri:m(u+7q)75)+{brj+l_b7’j} H 1{ui+k—1 < ark-i-l} H Ary+1;
k=1 k=j+1
and
Rﬁm(u o 5) > Rz—:tm( _a@aé) - {brj—H br]} H 1{uz+k 1 < am} H Qry,
k=j+1
Combining these facts, one easily obtains x7’ (u,®,6) > &It (u™,®,0) —
(R}%,(ut, ®,0) — RIF (u ®,0)) — Bpm(u™) —B,m(u)) — 2A,y/n and
. (u, @, 0) < KIF (uJr ®,0)+ (R (ut, @,0)— R (u™, ®,0))+ (B m(ut)—

IB%n,m( )) + 2A \/_, hence |r]F (u ®,0)| is less or equal to

& (ut, @,0) + [k1h, (0, @,0)| + |[RLL (0", ®,0) — R (u™, ®,0)]
+ |Bn,m( ) o Bn,mn( *+)| + |Bn,m( ) - nm( )| + ZAn\/ﬁ .

The term 2A,v/n = 2y/n /K, converges to zero by the choice of K,.
Since ||[ut — u*t|| and ||u*~ — u”|| are smaller than A, which goes to zero,
then supy,eo 1jm [Brm (") =By m (0F)] and sup,epo gpm [Brm (0™) = By n(u”))
both converge to zero in probability by the tightness of the empirical process
By, While, by the triangular inequality, |R}*, (u®, ®,6) — R} (u™, ®,0)| <
RI% (ut, ,8) — i (u'r, @,0)| + |Rit, (w' ®.6) — Rt (u®, ). It fol
lows from Lemmas 10 and 11 that sup,¢o jm | R, (ut, @, 5) RJJr (a9, 9)
goes to zero in probability as 1 goes to zero. The proof will then be complete
if one shows that

max  max |} (u7, @, 0)]
0<r; <Ky 0<r, <K;k#j

converges to zero in probability.
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Let € be an arbitrary positive number and note that

P{ max max |k}" (u” @5)\>6}

0<r; <Kn 0<ri <K;k#j

< K,K™'! max  max P{|/<¢JJr (u™,®,0)| > 6}

0<r; <Ky 0<r <K;k#j
Now for h € {1,2,...,m} define

| l/m

\/n_ Z Iik 1m+hnm(u7q)75)'
m k=1

Since |/<;mm(u ®,6)| < 1, one verifies that |k (u, ®,0)=>p, w15 (u, @, 0)] <
m/y/fm < €/2 for n large enough. It follows that P{\ﬁ (u,9,9)] > e} <

Sy {]/4:7+h(u o, 6)| > e/(2m)}. For each h € {1,2,...,m} one notices
that 70" (u™, ®,0) is a sum of martingale differences with respect to the fil-

m]+h(u D, 9)

tration f,z’h = o{eo,€1, -, Ekm+htj—2}- Applying Rosenthal’s inequality (Hall
and Heyde (1980)) shows that there exists a constant C' such that

[n/m]
{|/<ﬂ+ h(u D, 5)| > e} < Z E {( o 1)*m+hnm(u_7(p75>)4:|
C Ln/m] , 2
n2 e { Z E ( (k— 1*m+hnm(u77q)75)) ‘]:,?_1]} .

Slnce |3 (u, ®,6)| < 1 the first term in the above inequality is bounded
+. For the second term observe that

nmn

[n/m] , 2
E { Z E k: 1 *erhnm(ui? (1)7 6)) ‘flgl] }

k=1
[n/m] . 2
Z R (k—1)*m+h,n m(ui? CI)’ 5)(1 - RZk—l)*m-l—h,n,m(ui? (I): 5))

k=1

n/m] 2
E{ Z Rk 1)*m+hnm(u_7q>75)}

k=1
[n/m]

| |
/—/A

IN

E

IN

™

2
F{Ffl(uj) + max (07 L e—1ysmsntj—1(P) + 5F(k:—1)*m+h+j—1)} — uj‘|

k=1
[n/m]

IN

2
<E F{ () + BT (e 1yemshs s 1}—74 ,

g
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where B = ||®|| + |d|. One can easily check that the above is bounded by the
sum of

[n/m]
{ > [P{P )+ Bl yananesa} — ]

2
X 1{112?<X |Xk Dsm+h+j—1— f < an}} (3)

and
[n/m]
{ Z [F{F~(u;) + BT h-tyumsnsjt } — tj]

2
X 1{1H<1?X | X (e—1)smthtj—1-e| > an}} (4)

Applying the mean value theorem shows that (3) is bounded by

Hf||232[4n+4E(ilil

=1

|Xz l|

TL

Xl <) |

which is also bounded by

X 2
1712 an + anpr (KR 10 < 0, )]

n

Simple computations show that (4) is bounded

n 2
. 2
2E<ZZI 1{11213;; | Xia| > an}> < 2n“pP{|X1| > a,}.

By assumptions, (2) and Feller (1971) (Theorem 2 p 283), one has both
nP{|Xi| > a,} and nE<)§§|21{|X1| < an}> converge to finite limits. Com-
bining these facts yields
C Km 1 2
P{ max max [k}t (u” @5)|>e}_2<1+a>

0<r; <Kpn 0<ry <K;k#j net a?

for some constant C5. The above converges to zero for any € > 0 by the choice
of K, and the fact that a,/a, is a slowly varying function of n. [ |

Lemma 13 If assumptions (A.1)-(A.4) are satisfied then for any compact set
D c Rr*!,

Ri,m(ua P, O) q)Of H U,
k=1;k#j

sup sup
€D uel0,1]™

18



converges to zero in probability.

PROOF: One first writes

sup sup |R) (u,®,0) — Do f(F '(u;)) [ we
®eD uel0,1]™ k=1;k#j

< sup sup ‘R (u,®,0) — R%m(u,cb*,())’
®eD uel0,1)m

+ sup sup
®€D ue|0,1]™

Ri,m<u7 ) q)()f H Uk,
1

k=1;k#j

where ®* = (9,0, ...,0). Applying the Mean Value Theorem one sees that

], (1,7, 0) = B0 f (F ﬁ e
k ik#d
& FF () T LI o
< Do f( (Z])) st > [ H Heipp1 < Flw)} = 1 uk‘]
m i=1 k=1 k=1

+®o| |£(€) = F(F ™ (uy))]

where & € [~ (u;), F~(u;j) + ®o/+/n |. Straightforward computations yields

sup sup Rﬁ;m(u, o*0) — <I>0f(F_1(uj)) H Uk
®€D uel0,1]™ k=1;k+#j
< B[[fll sup [Fpm(t) —Fn(t)|+ B  sup [f(z)— f(y)]
teRm™ lo—yl<B/VA

where B = supgcp ||P||- The above goes to zero by the uniform continuity of
f and an adaptation of the Glivenko-Cantelli Lemma. To complete the proof
note that

sup sup
€D uel0,1)m

!Xm 1

BprH\/_ 1

which goes to in probability to zero by Lemma 7 and the fact that m is finite.

R'ZL,m(UW (1)70) - R%,m(u7 (I)*, 0)‘ < BHfH

4.1 Proof of Proposition 5:

The proof follows similar arguments to those used in Ghoudi and Rémillard
(2004). First define
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Voo (W, P, 8) = Z II (1{6z+y 1 < F7wg) + Tigjoa (@) + 00551}
\/_ i=1j€A
~eiy1 < F ' (uy)}) T ey < F 7' (u))}

JEAC

and observe that Bf}m(t) =y (u, ®,0) where uy = F~'(t;,) for 1 < k < m.
Since ® is tight, to prove Proposition 5 it suffices to show that

sup sup_ ., (u, 2, 0)
€D uel0,1]™

converges to zero in probability for any compact subset D C RP*!. To do so
assume that D is a compact subset of RP™ and set B = supgcp ||P]. Let ¢
be a positive number and note that |y, (u, ®,0)| < Sy + Sy where

S1 = ‘\/1% Zﬁ;jg (Heirjor < F 7 (uy) + T a (@)}

~Ueigmr < F 1 (u)}) T Hewgmr < F7H )1 {(max Doy < }\
JEA®
and Sy = ﬁ S H{max<jepm Liyjo1 > £} One verifies that the term Sy <
PO ﬁ ST > %} and hence converges to zero in probability for
any ¢ > 0 by Lemma 7. To consider S; note that since Card(A) > 2 there

exist 7,70 € A such that 1 < j < jo < m. Recall that I'y(®) < Bl for any
® € D and observe that

Sl < — Z 1{F u] < Eitj—1 < F~ (UJ) + Bfi+j_1}

X 1{F (ujo) - C < Eitjo—-1 < F_l(ujo) + C}
< JI e S F 7w + ¢ IT Moo < F7H )

ke A\{j, jo} ke Ac

Zl{F BFH—] 1 < 52—}—] 1 < F- ( )}

X 1{F (ujo) - C < Eitjo—-1 < Fﬁl(ujo) + C}
< I Heimwr S F N w) + ¢ T Heivn < F7H(w)}
keA\ (o) keAe
The right-hand-side of the above is equal to ’y” (us,0 B) 'yf:;n(u*g, 0,B) —
V(U 0, —B) ++77 (u*, 0, —B) where u‘ is such that us, = F(F~(ug) +¢)
for k € A\{ j} and u, = uy, otherwise and u*¢ is such that u[* = uS for all
k # jo and uj F(F_l(ujo) ¢). Adding and subtracting RJ or RJ" as
needed one obtains St < |k, (¢, 0, B)[+|k11, (u*, 0, B)|[+]k, (0,0, —B)|+

20



|8 (W, 0, =B)| + R (u,0,B) — Ry (w0, B)| + |R),(u,0,—B) —
Ri~(u*,0, —B)|. Next note that u® and u* only differ in their joth com-

ponent and that |u§O - u;‘g\ < 2||f||¢. Since ¢ can be made arbitrarily small,
calling on Lemmas 11 and 12 completes the proof. [ |

4.2 Proof of Proposition 6:

As noted earlier 87} (t) = 'y,jl’m(u,@,O) = K, (w, ®,0) + Rﬁl,m(u,@,()) for
u = (up,...,up) with up = F(t;) for 1 < k < m. It follows from Lemma
12 and the tightness of (®) that sup,ep ijm |5, ,, (1, ®,0)| converges to zero in

probability. To complete the proof note that the tightness of (J:)) and Lemma
13 imply that sup,epo im |1, (1, ®,0) — Do f (F~"(u;)) [ us| converges to
zero in probability and hence sup;cgm | ﬁ;{f},’n (t)—Dof(t;)) [1kz; F(t)| converges
to zero in probability. [ |

4.3 Proof of Theorem 1:

By definition Ky, (t) = B (F(t1), ..., F(tm)) + B,.m(t). Since B, ,,(t) =
[3{]} (t) + X acr. Card )>1 Bnm( ), it follows from Propositions 6 and 5

that SUPgerm |Brnm(t) — 271, LDof (L)) [1x; F(tx)| converges to zero in proba-

bility. Therefore K, ,,,(t) is asymptotically equivalent to B, ,,,(F'(t1), ..., F(t,))+

e dof (t;)) I1g; F(tx) which, by assumptions, converges weakly to the pro-
cess B, (F(t1),..., F(tm)) + 2Ly Zof(t;)) My F (). [ ]

4.4 Proof of Theorem 4:

Let E:l(u) = inf{t € R : ﬁ’n(t) 2~u} for 0 < u < 1 and note that
[F{F,  (w)} — o] + [F{F, H(w)} — F{F, (w)}]| = |F, {F* (W} —ul <1/n.
Next, by definition C,, (w1, . . ., us,) is equal to K, m(F Yuy), ooy E7 (um)) +
\ /nm[ " F{E (w)} - 17, ul] Direct algebraic mampulatlons show that

sup mHF{F Huz z[F{Fn— (uj)} = Fn{ By (uy)}| T ws

u€lo,1]™ j=1 i#j

converges to zero in probability. Using the above and Theorem 1, one concludes
that C,, ., (uy, ..., uy) converges to

K (FHwp), ..o, F um)) — iKm(F_l(uj),oo, o, 00) []wi

=1 i#j
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which simplifies to By, (1, ..., um) — 370 B (uy, 1,000 1) Tz wie
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