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1 Introduction

Interest in time series model with infinite variance innovations grew consid-
erably due to the increased applications in the areas of telecommunication,
finance and economics. Details and reference on these applications can be
found in Adler et al. (1998) and Ling (2005). A discussion and references
on financial applications can also be found in Caner (1998) and Lee and Ng
(2010).

Asymptotic behavior of parameters estimates for time series models with in-
finite variance innovations received considerable attention in the literature.
Davis and Resnick (1985a) and Davis and Resnick (1986) obtained the asymp-
totic distribution of least square estimator for infinite variance autoregres-
sive (IVAR) models. Davis et al. (1992) provided asymptotic distributions for
M-estimators and least absolute deviation estimators of IVAR parameters.
Asymptotic behavior of parameters estimators, in the case infinite variance
ARMA models (IVARMA), can be found in Davis (1996) and Mikosch et al.
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(1995). Recently a weighted least absolute deviation estimator for IVARMA
parameters was considered by Pan et al. (2007). Details about rates of con-
vergence of these estimators can be found in Section 2.

The manuscript considers diagnostic tests for errors of AR models with infinite
variance innovations. It first defines and studies empirical and copula processes
based of residuals of these models. Empirical process based on transformed
residuals are also considered. The manuscript then uses these processes to
build goodness-of-fit and randomness tests for the innovations. The paper
is organized as follows. Section 2 introduces the key notations and studies
the asymptotic behavior of empirical and copula processes based on residuals
and squared residuals of IVAR models. Applications to goodness-of-fit and
randomness tests are outlined in Section 3. Proofs are presented in Section 4.

2 Notations and main results

Consider an AR(p) model Xi = φ0 +
∑p
l=1 φlXi−l + εi, i = 1, . . . , n. Assume

that the errors ε’s are independent and have distribution F belonging to the
domain of attraction of a stable law with index α ∈ (0, 2). Let {ei,n}1≤i≤n
denote the residuals that is

ei,n = Xi − φ̂0 −
p∑
l=1

φ̂lXi−l, 1 ≤ i ≤ n,

where φ̂ = (φ̂0, . . . , φ̂p) is a consistent estimate of φ = (φ0, . . . , φp). Let

Fn(t) =
1

n

n∑
i=1

1{εi ≤ t}, t ∈ R.

be the empirical distribution of the non-observable errors ε’s and define the
empirical distribution of the residuals F̃n by

F̃n(t) =
1

n

n∑
i=1

1{ei,n ≤ t}, t ∈ R.

Let F̃n(t) =
√
n{F̃n(t) − F (t)}, denotes the empirical process based on the

residuals and let also Fn(t) =
√
n{Fn(t) − F (t)} be the empirical process for

the non-observable errors ε’s. Note that Fn(t) = Bn(F (t)) where

Bn(u) =
1√
n

n∑
i=1

[1{F (εi) ≤ u} − u] , u ∈ [0, 1].

is the classical empirical process of a sequence of i.i.d uniform random vari-
ables. One generalizes these definitions to the multivariate setting in the follow-
ing manner. Let m be an integer greater or equal to 1, let t = (t1, . . . , tm) ∈ Rm
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and define

Fn,m(t) =
1

nm

nm∑
i=1

1{εi ≤ t1, . . . , εi+m−1 ≤ tm},

where nm = n −m + 1. Note that Fn,m is the joint empirical distribution of
a block of m consecutive non-observable errors ε’s. Define the joint empirical
distribution of the residuals F̃n,m by

F̃n,m(t) =
1

nm

nm∑
i=1

1{ei,n ≤ t1, . . . , ei+m−1,n ≤ tm}.

Let Fm(t) =
∏m
l=1 F (tl) and let K̃n,m(t) =

√
nm{F̃n,m(t)−Fm(t)}, denotes the

multivariate empirical process based on the residuals and define also Kn,m(t) =√
nm{Fn,m(t) − Fm(t)} as the multivariate empirical process for the non-

observable errors ε’s. Set

Bn,m(u1, . . . , um) =
1
√
nm

nm∑
i=1

[
1{F (εi) ≤ u1, . . . , F (εi+m−1) ≤ um} −

m∏
l=1

ul

]

Say more about the process and relations for 0 ≤ u1, . . . , um ≤ 1. Observe that
Bn,m is the m-block empirical process of a sequence of i.i.d uniform random
variables and that F̃n(t) = K̃n,1(t).

Note that if φ(z) = 1 −∑p
`=1 φ`z

` does not have roots with |z| ≤ 1 then the
AR(p) process defined above can be represented as Xt = φ0 +

∑∞
j=0 cjεt−j (see

for instance Brockwell and Davis (1991) page 573). The following assumptions
will be needed to establish the asymptotic of the process K̃n,m.

(A.1) P{|ε1| > x} = 1 − F (x) + F (−x) = x−αL(x), where L(x) is a slowly
varying function at ∞.

(A.2) limx→∞ P{ε1 > x}/P{|ε1| > x} = p, with 0 ≤ p ≤ 1.
(A.3) F admits a uniformly continuous bounded density f .
(A.4)

∑∞
i=1 |ci|κ converges for κ < min(α, 1).

The asymptotic behavior of the parameters’ estimator was considered by
Davis and Resnick (1985b), Davis and Resnick (1986), Davis et al. (1992)
and Mikosch et al. (1995). It is shown the convergence of the estimate φ̂l for
1 ≤ l ≤ p is in general faster then

√
n . In particular Davis and Resnick

(1985b) and Davis and Resnick (1986) showed that the least square estimate
has a rate of convergence of the order of n1/αL0(n) for some slowly varying
function L0 and Davis et al. (1992) showed that M -estimators have a rate of
convergence an where an = inf{x : nP{|ε1| > x} ≤ 1} is again of the order
n1/αL1(n) for some slowly varying function L1. They also showed that the least
absolute deviation (LAD) estimator has a rate of convergence at least an and
that the M-estimator of φ0 is such that

√
n (φ̂0−φ0) converges in distribution

to a normal with mean zero. To establish the asymptotic of the process K̃n,m it

is therefore assumed that the estimates are such
√
n (φ̂0−φ0) converges weakly
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to some Z0 and that ãn(φ̂1−φ1, . . . , φ̂p−φp) converges weakly to (Z1, . . . , Zp)
for some sequence ãn = n1/αL̃(n) with L̃ a slowly varying function.

To state the main result let ãn = n1/αL̃(n) be as indicated above and let
Φ̂ = (Φ̂0, Φ̂1, . . . , Φ̂p) where Φ̂0 =

√
n (φ̂0 − φ0) and Φ̂l = ãn(φ̂l − φl) for

l = 1, . . . , p.

Theorem 1 If Assumptions (A.1)–(A.4) are satisfied, if (Φ̂1, . . . , Φ̂p) con-

verges weakly to (Z1, . . . , Zp) and if (Bn,m, Φ̂0) converges weakly to (Bm, Z0)
then K̃n,m(t) converges weakly to the process K̃m having the following repre-
sentation K̃m(t) = Bm(F (t1), . . . , F (tm)) +

∑m
j=1 Z0f(tj))

∏
k 6=j F (tk).

All proofs are given in the Appendix. As a corollary to the above one gets the
asymptotic of the univariate empirical residual process.

Corollary 2 Under the assumptions of Theorem 1, the empirical process F̃n
converges to a continuous process F̃ with representation F̃(t) = K̃1(t) =
B(F (t)) + f(t)Z0, where B is the classical Brownian bridge.

An interesting feature is observed if one considers the empirical process of the
squared residuals. It is shown that if f is symmetric then the asymptotic of the
empirical process of the squared residuals are independent of the estimated
parameters and are equivalent to the asymptotic of the empirical process based
on the squares of the non-observable errors ε’s. The details are given in the
following Corollary.

Corollary 3 For any fixed integer m ≥ 1, let G̃n,m(t) = 1√
nm

∑nm
i=1 1{e2

i,n ≤
t1, . . . , e

2
i+m−1,n ≤ tm} −

∏m
k=1 G(tk) where G(t) = F (

√
t) − F (−

√
t) and

t = (t1, . . . , tm) ∈ [0,∞)m. Under the assumptions of Theorem 1, the em-
pirical process G̃n,m converges to a continuous process G̃m with representation
G̃m(t) = Bm(G(t))+

∑m
j=1{f(

√
tj)−f(−√tj)}Z0

∏
k 6=j G(tk). If f is symmetric

then G̃m(t) = Gm(t) = Bm(G(t)) does not depend on whether the parameters
are estimated or known.

When testing for randomness of the residuals one often relies on nonparametric
tests. These tests are, in general, functional of the empirical copula process
whose asymptotic is provided in the next theorem.

Theorem 4 For any fixed integer m ≥ 1, let C̃n,m(t) = 1√
nm

∑nm
i=1 1{ẽi,n ≤

u1, . . . , ẽi+m−1,n ≤ um} −
∏m
k=1 uk where ẽi,n = F̃n(ei,n) denotes the normal-

ized rank of the residual ei,n and where u = (u1, . . . , um) ∈ [0, 1]m. Under
the assumptions of Theorem 1, the empirical copula process based on resid-
uals, C̃n,m, converges to the continuous process Cm(u) = Bm(u1, . . . , um) −∑m
j=1 Bm(u1, 1, . . . , 1)

∏
k 6=j uk.
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Note that the process Cm does not depend on whether the parameters are es-
timated or known. That is, critical values for tests statistics based on C̃n,m can
be easily obtained from simulation of i.i.d sequences. Details will be provided
in Section 3.

3 Applications to goodness-of-fit and randomness tests

Goodness-of-fit and randomness tests are obtained by considering functional
of the above mentioned processes. In what follows the section is divided into
two parts; one dealing with goodness-of-fit tests and the other devoted to tests
of independence.

3.1 Goodness-of-fit tests

To test the null hypothesis that states that the error distribution F is equal
to a certain distribution F0 one can use the process F̃n and if F0 is symmetric
than one can use G̃n,m instead. To be specific define

Tn =
∫

F̃n(t)2dF0(t) =
∫ 1

0

{
1√
n

n∑
i=1

[1{F0(ei,n) ≤ u} − u]

}2

du.

Setting G0(t) = F0(
√
t)− F0(−

√
t) for t ≥ 0 one then defines

T ∗n =
∫
G̃n,1(t)2dG0(t) =

∫ 1

0

{
1√
n

n∑
i=1

[
1{G0(e2

i,n) ≤ u} − u
]}2

du.

It follows from Corollary 2 that Tn converges weakly to T =
∫
K̃1(t)2dF0(t).

Finding critical values for T is not that obvious since the covariance function
of the process K̃1 is in general not easy to handle. However, if the error distri-
bution F0, is symmetric then Corollary 3 implies that T ∗n converges weakly to
T ∗ =

∫ 1
0 B(u)2du where B is the standard Brownian bridge. Tables for T ∗ are

widely available; see for instance Shorack and Wellner (1986). Note that this
test is equivalent to a classical goodness of fit test of a series of i.i.d random
variable. In particular, when the error distribution is symmetric, one can take
the series of squared residuals an apply to it any of the goodness-of-fit test
(Cramer von Mises, or Kolmogorov Smirnov) the same way he would apply it
a to a series of i.i.d random variables.
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3.2 Tests of independence

As mentioned in Section 2 a distribution free test of the independence of the
errors can be obtained using the process C̃n,m. In particular, on could use the
Cramer von Mises functional

Tn,m =
∫ 1

0
· · ·

∫ 1

0
C̃n,m(u1, . . . , um)2du1 . . . um.

By Theorem 4, Tn,m converges weakly to Tm =
∫ 1

0 · · ·
∫ 1

0 Cm(u1, . . . , um)2du1 . . . um,
where Cm is the sequential empirical copula of a sequence of i.i.d random vari-
able. The asymptotic of Tn,m can then be obtained from the simulation of Tn,m
using a sequence i.i.d uniform random variables. Alternative tests based on the
copula process, developed in Genest and Rémillard (2004) and Genest et al.
(2007), could used here.

4 Proofs

The process K̃n,m is written as

K̃n,m(t) = Kn,m(t) + βn,m(t) = Bn,m(F (t1), . . . , F (tm)) + βn,m(t)

where

βn,m(t) =
1
√
nm

nm∑
i=1

 m∏
j=1

1{ei+j−1,n ≤ tj} −
m∏
j=1

1{εi+j−1 ≤ tj}

 .
The weak convergence of Bn,m, the serial empirical process of a sequence of
i.i.d. random variables, is easy to establish (see for instance Delgado (1996) or
Ghoudi et al. (2001)). Therefore most of the proof resides in establishing the
limiting behavior of βn,m. One notes that the process βn,m can be written as

βn,m(t) =
∑

A⊂I, Card(A)≥1

βAn,m(t)

where I = {1, . . . ,m} and

βAn,m(t) =
1
√
nm

nm∑
i=1

∏
j∈A

[1{ei+j−1,n ≤ tj} − 1{εi+j−1 ≤ tj}]
∏

j∈I\A
1{εi+j−1 ≤ tj}.

To establish the asymptotic of βn,m it will be shown that βAn,m is negligible

for any A ⊂ I with Card(A) ≥ 2 and that if A = {j} then βAn,m(t) is

asymptotically equivalent to Φ̂0f(tj)
∏
k 6=j F (tk). The detailed statements are

given in the next two propositions.
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Proposition 5 If Assumptions (A.1)–(A.4) are satisfied then supt∈Rm
∣∣∣βAn,m(t)

∣∣∣
converges to zero in probability for any subset A ⊂ I for which Card(A) ≥ 2.

Proposition 6 Let j ∈ I, if assumptions (A.1)–(A.4) are satisfied then

sup
t∈Rm

∣∣∣∣∣∣β{j}n,m(t)− Φ̂0f(tj)
∏
k 6=j

F (tk)

∣∣∣∣∣∣
converges to zero in probability.

The proof of these statements shall be given after recalling some useful results
and introducing some simplifying notations. First, recall that Cline (1983)
showed that if F satisfies (A.1) and (A.2) then

lim
x→∞

P{|X1| > x}
P{|ε1| > x}

=
∞∑
j=0

|cj|α, (1)

and

lim
n→∞

nP{|X1| > anx} =
∞∑
j=0

|cj|αx−α for all x > 0. (2)

Next, for any Φ = (Φ0,Φ1, ...Φp) ∈ Rp+1 define Γi(Φ) = Φ0√
n

+
∑p
`=1

Φ`Xi−`
ãn

. De-

fine Γ̄i = 1√
n

+
∑p
`=1

|Xi−`|
ãn

and for any u = (u1, . . . , um) ∈ [0, 1]m, and any δ ∈
R, let κjn,m(u,Φ, δ) = γjn,m(u,Φ, δ) − Rj

n,m(u,Φ, δ) = 1√
nm

∑nm
i=1 κ

j
i,n,m(u,Φ, δ)

where κji,n,m(u,Φ, δ) = γji,n,m(u,Φ, δ)−Rj
i,n,m(u,Φ, δ), and where γjn,m(u,Φ, δ) =∑nm

i=1 γ
j
i,n,m(u,Φ, δ)/

√
nm, and Rj

n,m(u,Φ, δ) =
∑nm
i=1R

j
i,n,m(u,Φ, δ)/

√
nm with

γji,n,m(u,Φ, δ) =

[
1
{
εi+j−1 ≤ F−1(uj) + Γi+j−1(Φ) + δΓ̄i+j−1

}
− 1

{
εi+j−1 ≤ F−1(uj)

} ]
×

m∏
k=1,k 6=j

1{εi+k−1 ≤ F−1(uk)},

and

Rj
i,n,m(u,Φ, δ) =

[
F
{
F−1(uj) + Γi+j−1(Φ) + δΓ̄i+j−1

}
− uj

]
×

j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)}
m∏

k=j+1

(uk).

Observe that β{j}n,m(t) = γjn,m(u, Φ̂, 0) with uk = F (tk) for 1 ≤ k ≤ m.

In an analogous way one defines κj+n,m(u,Φ, δ) =
∑nm
i=1 κ

j+
i,n,m(u,Φ, δ)/

√
nm

κj−n,m(u,Φ, δ) =
∑nm
i=1 κ

j−
i,n,m(u,Φ, δ)/

√
nm, where κj+i,n,m(u,Φ, δ) = γj+i,n,m(u,Φ, δ)−
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Rj+
i,n,m(u,Φ, δ), and κj−i,n,m(u,Φ, δ) = γj−i,n,m(u,Φ, δ)−Rj−

i,n,m(u,Φ, δ), with

γj+i,n,m(u,Φ, δ) = 1

{
F−1(uj) ≤ εi+j−1 ≤ F−1(uj)

+ max
(
0,Γi+j−1(Φ) + δΓ̄i+j−1

)} m∏
k=1,k 6=j

1{εi+k−1 ≤ F−1(uk)},

γj−i,n,m(u,Φ, δ) = −1

{
F−1(uj) + min

(
0,Γi+j−1(Φ) + δΓ̄i+j−1

)
≤ εi+j−1 ≤

F−1(uj)

}
m∏

k=1,k 6=j
1{εi+k−1 ≤ F−1(uk)},

Rj+
i,n,m(u,Φ, δ) =

[
F
{
F−1(uj) + max(0,Γi+j−1(Φ) + δΓ̄i+j−1)

}
− uj

]
×

j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)}
m∏

k=j+1

(uk)

and

Rj−
i,n,m(u,Φ, δ) = −

[
uj − F

{
F−1(uj) + min(0,Γi+j−1(Φ) + δΓ̄i+j−1)

}]
×

j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)}
m∏

k=j+1

(uk).

To complete notations one introduces γj+n,m(u,Φ, δ) =
∑nm
i=1 γ

j+
i,n,m(u,Φ, δ)/

√
nm,

γj−n,m(u,Φ, δ) =
∑nm
i=1 γ

j−
i,n,m(u,Φ, δ)/

√
nm, and in a similar way Rj+

n,m(u,Φ, δ) =∑nm
i=1R

j+
i,n,m(u,Φ, δ)/

√
nm and Rj−

n,m(u,Φ, δ) =
∑nm
i=1R

j−
i,n,m(u,Φ, δ)/

√
nm.

The proof of Propositions 5 and 6 shall be provided after establishing a series
of technical Lemmas.

Lemma 7 If the distribution F satisfies assumptions (A.1) and (A.2) then

(1) 1
ãn
√
n

∑n
i=1 |Xi| converges to zero in probability,

(2) 1√
n

∑n
i=1 Γ̄i = 1 + op(1)

(3)
∑n
i=1 Γ̄2

i1{Γ̄i ≤ ζn} ≤ 2 + op(1) for any sequence of positive numbers (ζn)
satisfying limn→∞

1
ζn
√
n

+ nζ2−α
n ã−αn L(ζnãn) = 0, and

(4) 1√
n

∑n
i=1 1{Γ̄i > ζn} converges to zero in probability for any sequence of

positive numbers (ζn) satisfying limn→∞
1

ζn
√
n

+ n
1
2α+c

ζnãn
= 0 for some c > 0.

Remark 8 It is worth noting that statement (4) in the above Lemma applies
to the case ζn = ζ > 0 and that both statements (3) and (4) apply if ζn = n−ρ

for 0 < ρ < min(1/2, (2α)−1).
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Proof: Let bn = ann
δ where 0 < δ < 1/2. One writes

∑n
i=1 |Xi|/(ãn

√
n) =

An1+An2 whereAn1 =
∑n
i=1 |Xi|1{|Xi| ≤ bn}/(ãn

√
n) andAn2 =

∑n
i=1 |Xi|1{|Xi| >

bn}/(ãn
√
n). It follows from the stationarity of the sequence of Xi’s that

E|An1| =
√
nE{|X1|1{|X1| ≤ bn}}/ãn. Now for 0 < α < 1 one writes

E|An1| = nP{|X1| > an}
E{|X1|1{|X1| ≤ bn}}
bnP{|X1| > bn}

P{|X1| > bn}
P{|X1| > an}

bn
ãn
√
n
.

It is easy to see that the first term in the above right-hand-side converges to∑∞
j=0 |cj|α <∞ by (2) and (A.4), while the second term converges to α/(1−α)

by Karamata’s Theorem (Feller (1971), Page 283). The third term is bounded
by 1 since bn > an and the last term goes to zero by the choice of bn. Therefore
E|An1| converges to zero and hence An1 converges to zero in probability.

For α = 1, it follows from Karamata’s Theorem that E{|X1|1{|X1| ≤ x}} is
slowly varying function, therefore for any η > 0

E|An1| =
E{|X1|1{|X1| ≤ bn}}

bηn

√
n bηn
ãn

.

The first term in the above right-hand-side goes to zero for any η > 0 and the
second term also goes to zero for 0 < η < (2−α)/(2 + 2αδ). This implies that
E|An1| converges to zero and An1 converges to zero in probability.

For 1 < α < 2, E{|X1|} <∞ and hence E|An1| ≤
√
n E{|X1|}/ãn which goes

to zero since
√
n /ãn → 0 as ãn is regularly varying with index 1/α ∈ (1/2, 1).

To complete the proof of this first statement of the Lemma observe that for
any η > 0 one has P{|An2| > η} ≤ P{∪ni=1{|Xi| > bn}} ≤ nP{|X1| > bn}. But
it follows from the definition of bn that for any M > 0 there exist n0 such that
for n > n0 one has bn > Man that is nP{|X1| > bn} ≤ nP{|X1| > Man} and
hence by (2), limn→∞ nP{|X1| > bn} ≤ M−α∑∞

j=0 |cj|α for any M > 0. This
yields limn→∞ nP{|X1| > bn} = 0 and An2 converges to zero in probability.

To show statement (2) on the Lemma, it suffices to see that 1√
n

∑n
i=1 Γ̄i =

1+ 1√
n ãn

∑n
i=1

∑p
`=1 |Xi−`| and that 1√

n ãn

∑n
i=1

∑p
`=1 |Xi−`| ≤ p√

n ãn

∑n
i=1 |Xi| =

op(1) by statement (1) of the Lemma.

For statement (3) note that

n∑
i=1

Γ̄2
i1{Γ̄i ≤ ζn}≤

n∑
i=1

 2

n
+ 2

[ p∑
`=1

|Xi−`|
ãn

]2
 I{Γ̄i ≤ ζn}

≤ 2 +
2p

ã2
n

n∑
i=1

p∑
`=1

|Xi−`|21{Γ̄i ≤ ζn}.
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By the condition on ζn one verifies that n large enough 1/
√
n < ζn/2 hence

|Xi−`|21{Γ̄i ≤ ζn} ≤ |Xi−`|21{|Xi−`| ≤ ζnãn/2}. Therefore

E

(
2p

ã2
n

n∑
i=1

p∑
`=1

|Xi−`|21{Γ̄i ≤ ζn}
)
≤ 2p2n

ã2
n

E
(
|X1|21{|X1| ≤ ζnãn/2}

)
which by Assumption (A.1), equation (1) and Karamata’s Theorem is equiva-
lent to 2α−1p2α

∑∞
j=0 |cj|αnζ2−α

n ã−αn L(ζnãn)/(2− α) which goes to zero by hy-

pothesis. One then concludes that 2p
ã2n

∑n
i=1

∑p
`=1 |Xi−`|21{Γ̄i ≤ ζn} converges

in probability to zero.

To prove statement (4), recall that for n large enough 1/
√
n < ζn/2 hence

1{Γ̄i > ζn} ≤ 1
{∑p

`=1 |Xi−`| > ζnãn
2

}
≤ ∑p

`=1 1
{
|Xi−`| > ζnãn

2p

}
. Therefore

E
(∑n

i=1 1{Γ̄i > ζn}/
√
n
)
≤ p
√
n P

{
|X1| > ζnãn

2p

}
which by (A.1) and (1)

has the same limit as (2p)α
∑∞
j=0 |cj|α

√
n (ζnãn)−αL(ζnãn). Direct algebraic

manipulations show that

√
n (ζnãn)−αL(ζnãn) = n

−αc
2

[
ζnãn

n
1
2α

+c

]−α−α2c
1+2αc [

(ζnãn)
−α2c
1+2αcL(ζnãn)

]

which goes to zero as n goes to infinity since by the conditions on the sequence
(ζn) each of the three terms in the above right-hand-side goes zero. This implies

that
√
n P

{
|X1| > ζnãn

2p

}
goes to zero and completes the proof.

Lemma 9 If ∆n converges to zero and if F satisfies (A.3) then

sup
x,y : |F (x)−F (y)|≤∆n

|f(x)− f(y)|

converges to zero.

Proof: It will be shown first that limx→±∞ f(x) = 0. We shall give the proof
for x→ +∞ the case x→ −∞ being similar and is therefore omitted. We will
proceed by contradiction. Assume that the there exists η > 0 and sequence
xn → +∞ such that f(xn) > η. The uniform continuity of f implies that
there exists a δ > 0 such that |f(x) − f(xn)| ≤ η/2 and hence f(x) ≥ η/2
for all n and all x ∈ (xn − δ, xn + δ). Next, note that xn → +∞ implies that
1− F (xn) converges to zero, that is, there exists n0 such that for n > n0 one
has 1−F (xn) ≤ ηδ/4. But 1−F (xn) ≥

∫ xn+δ
xn

f(t)dt ≥ ηδ/2 which contradicts
the above and proves that limx→+∞ f(x) = 0.

To prove the Lemma we will also proceed by contradiction and assume that
there exist η > 0 and sequences xn and yn for which |F (xn) − F (yn)| ≤ ∆n

and |f(xn) − f(yn)| > η hold for all n > 1. We first show that the sequences
xn and yn must be bounded. In fact if both sequences are going to infinity
then a contradiction is clear since |f(xn) − f(yn)| ≤ |f(xn)| + |f(yn)| goes
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to zero by the above argument. If one sequence is going to infinity and the
other one is bounded, then with out loss of generality we may assume that
xn is unbounded sequence while yn is a bounded sequence. One can extract
subsequences (xnm) and (ynm) such that xnm →∞ and ynm → y0 for some limit
point y0. The continuity of f and |f(xn) − f(yn)| > η imply that f(y0) ≥ η.
Also the continuity of F and |F (xn) − F (yn)| ≤ ∆n imply that F (y0) = 1
or F (y0) = 0 depending on whether xnm → +∞ or xnm → −∞. Next the
uniform continuity of f implies that there exists δ > 0 such that f(t) >
η/2 for all t ∈ (y0 − δ, y0 + δ). We show that this contradict the fact that
F (y0) = 1 or F (y0) = 0. If F (y0) = 1 then there is a contradiction because
0 = 1 − F (y0) =

∫∞
y0
f(t)dt ≥

∫ y0+δ
y0

f(t)dt ≥ ηδ/2. If F (y0) = 0 then the
contradiction is seen because 0 = F (y0) =

∫ y0
−∞ f(t)dt ≥

∫ y0
y0−δ f(t)dt ≥ ηδ/2.

To complete the proof it just remains to show that the case of both (xn)
and (yn) bounded also implies a contradiction. To this end assume that both
sequences are bounded, that is there exist subsequences (xnm , ynm)→ (x0, y0)
for some limit point (x0, y0). The same arguments as before imply that F (x0) =
F (y0) and |f(x0) − f(y0)| > η. One immediately sees that x0 6= y0, and can,
without loss of generality, assume that x0 < y0. Observe that the continuity
of the density f and |f(x0)−f(y0)| > η imply that there exist a < b such that
(a, b) ⊂ (x0, y0) and f(t) > η/2 for all t ∈ (a, b). But a contradiction follows
since 0 = F (y0)− F (x0) =

∫ y0
x0
f(t)dt ≥

∫ b
a f(t)dt ≥ η(b− a)/2.

Lemma 10 Let (∆n) be a sequence of positive numbers going to zero as n
goes to infinity and let Bj(∆n) = {(u,v) ∈ [0, 1]m × [0, 1]m : |uj − vj| ≤
∆n and uk = vk for all k 6= j}. If assumptions (A.1)–(A.4) are satisfied then

sup
(u,v)∈Bj(∆n)

|Rj+
n,m(u,Φ, δ)−Rj+

n,m(v,Φ, δ)|

and
sup

(u,v)∈Bj(∆n)

|Rj−
n,m(u,Φ, δ)−Rj−

n,m(v,Φ, δ)|

converges to zero in probability as n goes to infinity.

Proof: The proofs for Rj+
n,m and Rj−

n,m are quite similar, therefore only the
proof for Rj+

n,m shall be given. First set xj = F−1(uj) and x∗j = F−1(vj) and
let ζn = n−ρ for some 0 < ρ < 1/4. Observe that sequence ζn satisfies the
conditions of Lemma 7 and note that for all ‖Φ‖ ≤ B and for all |δ| ≤ δ0,
|Rj+

n,m(u,Φ, δ)−Rj+
n,m(v,Φ, δ)| is bounded by

1√
n

n∑
i=1

∣∣∣F {xj + max(0,Γi+j−1(Φ) + δΓ̄i+j−1)
}
− F (xj) + F (x∗j)

−F
{
x∗j + max(0,Γi+j−1(Φ) + δΓ̄i+j−1)

}∣∣∣1{(B + δ0)Γ̄i+j−1 ≤ ζn
}

+
1√
n

n∑
i=1

1
{

(B + δ0)Γ̄i+j−1 > ζn
}
.
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The second term in the above goes to zero in probability by statement (4) of
Lemma 7, while applying the Mean Value Theorem shows that the first term
is bounded by

B + δ0√
n

n∑
i=1

Γ̄i+j−1|f(x̃j)− f(x̃∗j)|1
{

(B + δ0)Γ̄i+j−1 ≤ ζn
}

where x̃j ∈ [xj, xj+0∨(Γi+j−1(Φ)+δΓ̄i+j−1)] and x̃∗j ∈ [x∗j , x
∗
j+0∨(Γi+j−1(Φ)+

δΓ̄i+j−1)] and where a ∨ b denotes max(a, b). Using the triangular inequality,
one bounds the above term by

B + δ0√
n

n∑
i=1

Γ̄i+j−1

(
|f(x̃j)− f(xj)|+ |f(x̃∗j)− f(x∗j)|

+ |f(xj)− f(x∗j)|
)
1
{

(B + δ0)Γ̄i+j−1 ≤ ζn
}
.

Direct computations show that the sup of the above quantity over the set
Bj(∆n) is less or equal to

2 sup
|x−y|≤ζn

|f(x)− f(y)|+ sup
x,y

|F (x)−F (y)|≤∆n

|f(x)− f(y)|

 B + δ0√
n

n∑
i=1

Γ̄i+j−1.

The proof is then complete upon calling on the uniform continuity of f , Lemma
9, and Lemma 7.

Lemma 11 Let B̄j(η) = {(u,v) ∈ [0, 1]m × [0, 1]m : uj = vj and |uk − vk| ≤
η for all k 6= j}. If assumptions (A.1)–(A.4) are satisfied then

sup
(u,v)∈B̄j(η)

|Rj+
n,m(u,Φ, δ)−Rj+

n,m(v,Φ, δ)|

and

sup
(u,v)∈B̄j(η)

|Rj−
n,m(u,Φ, δ)−Rj−

n,m(v,Φ, δ)|

converges to zero in probability as η goes to zero.

Proof: Again, only the proof for Rj+
n,m shall be given. It will be shown that

the convergence is uniform for all ‖Φ‖ ≤ B and |δ| ≤ δ0. Recall that uj = vj
and observe that
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|Rj+
n,m(u,Φ, δ)−Rj+

n,m(v,Φ, δ)|

=
1
√
nm

∣∣∣∣∣
nm∑
i=1

[
F{F−1(uj) + max(0,Γi+j−1(Φ) + δΓ̄i+j−1)} − uj

]
[ m∏
k=j+1

uk

j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)} −
m∏

k=j+1

vk

j−1∏
k=1

1{εi+k−1 ≤ F−1(vk)}
]∣∣∣∣∣

≤ 1
√
nm

nm∑
i=1

∣∣∣F{F−1(uj) + max(0,Γi+j−1(Φ) + δΓ̄i+j−1)} − uj
∣∣∣

∣∣∣ m∏
k=j+1

uk

j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)} −
m∏

k=j+1

vk

j−1∏
k=1

1{εi+k−1 ≤ F−1(vk)}
∣∣∣

Since F is uniformly continuous and admits a bounded density one easily

verifies that |Rj+
n,m(u,Φ, δ)−Rj+

n,m(v,Φ, δ)| ≤ (A1 + A2)
√
n/nm where

A1 =
1√
n

n∑
i=1

1{Γ̄i > ζn}

and

A2 =
‖f‖(B + δ0)√

n

nm∑
i=1

Γ̄i+j−1

∣∣∣( m∏
k=j+1

uk −
m∏

k=j+1

vk)
j−1∏
k=1

1{F (εi+k−1) ≤ uk}

+
m∏

k=j+1

vk(
j−1∏
k=1

1{F (εi+k−1) ≤ uk}−
j−1∏
k=1

1{F (εi+k−1) ≤ vk})
∣∣∣1{Γ̄i+j−1 ≤ ζn},

with ζn = n−ρ for 0 < ρ < 1/4. By Lemma 7, the term A1 goes to zero in
probability, the proof will then follows if one shows that A2 goes to zero in
probability. This is achieved by first letting C = ‖f‖(B + δ0) and noting that

A2≤
C√
n
|

m∏
k=j+1

uk −
m∏

k=j+1

vk|
nn∑
i=1

Γ̄i+j−1 +
C√
n

nm∑
i=1

Γ̄i+j−11{Γ̄i+j−1 ≤ ζn}

[ j−1∏
k=1

1{F (εi+k−1) ≤ uk ∨ vk} −
j−1∏
k=1

1{F (εi+k−1) ≤ uk ∧ vk}
]

≤ mηC√
n

n∑
i=1

Γ̄i +
C√
n

( n∑
i=1

Γ̄2
i1{Γ̄i ≤ ζn}

) 1
2

( nm∑
i=1

[ j−1∏
k=1

1{F (εi+k−1) ≤ uk ∨ vk} −
j−1∏
k=1

1{F (εi+k−1) ≤ uk ∧ vk}
]) 1

2 .
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Upon calling on Lemma 7 one bounds the above by

mηC(1+op(1))+C(2 + op(1))

2‖Fn,m − Fm‖
1
2 +

( j−1∏
k=1

uk ∨ vk −
j−1∏
k=1

uk ∧ vk
)1/2


which is smaller or equal to mηC(1 + op(1)) + C(2 + op(1))

√
mη + 2C(2 +

op(1))‖Fn,m − Fm‖
1
2 . By the adaptation of Glivenco-Cantelli Theorem, the

latter goes to zero in probability as n goes to infinity and η goes to zero.

Lemma 12 If assumptions (A.1)–(A.4) are satisfied then, for any compact
subset D of Rp+1 and any δ0 > 0,

sup
|δ|≤δ0

sup
u∈[0,1]m

sup
Φ∈D
|κj+n,m(u,Φ, δ)|

and
sup
|δ|≤δ0

sup
u∈[0,1]m

sup
Φ∈D
|κj−n,m(u,Φ, δ)|

converge to zero in probability.

Proof: The two terms being quite similar, therefore only the proof for κj+n,m
is presented. First, for η > 0 and let D1, . . . , DK be a finite cover of D with
diameter smaller than η and centers denoted Φ1, . . . ,ΦK respectively. Let also
δ̃1, . . . , δ̃M be a partition of [−δ0, δ0] with mesh between η and 2η. Note that
Φ ∈ D implies that Φ ∈ Dk for some 1 ≤ k ≤ K and |δ| ≤ δ0 implies that
δ̃r < δ ≤ δ̃r+1 for some 1 ≤ r ≤M − 1. Set δ̃0 = −δ0− η and δ̃M+1 = δ0 + η it
then follows from the definition of κj+n,m that

κj+n,m(u,Φ, δ) ≥ κj+n,m(u,Φk, δ̃r−1)−Rj+
n,m(u,Φk, δ̃r+2) +Rj+

n,m(u,Φk, δ̃r−1)

κj+n,m(u,Φ, δ) ≤ κj+n,m(u,Φk, δ̃r+2) +Rj+
n,m(u,Φk, δ̃r+2)−Rj+

n,m(u,Φk, δ̃r−1).

It is quite easy to verify that, for any u ∈ [0, 1]m and any Φ,

|Rj+
n,m(u,Φ, δ̃r+2)−Rj+

n,m(u,Φ, δ̃r−1)| ≤ 6η‖f‖ 1
√
nm

n∑
i=1

Γ̄i

which by Lemma 7 and (A.3) goes to zero in probability when η goes to zero.
Therefore the result will be proven if one shows that supu∈[0,1]m |κj+n,m(u,Φ, δ)|
converges to zero in probability for any fixed Φ ∈ D and any finite δ. To achieve
this, choose (Kn) as a sequence of positive integers satisfying limn→∞

√
n /Kn+

Kn/n
1−ρ = 0, for some 0 < ρ < 1/2, and let ∆n = 1/Kn. Choose 0 = b0 <

b1 < · · · < bKn = 1 to be a partition of [0, 1] with mesh less or equal to ∆n.
Let K be a positive integer and set ak = k/K for k = 0, 1, . . . , K note that
a0, a1, . . . , aK form a partition of [0, 1]. One sees that for any u ∈ (0, 1)m there
exist 0 ≤ rj ≤ Kn − 1 such brj < uj ≤ brj+1 and 0 ≤ rk ≤ K − 1 such
ark < uk ≤ ark+1 for 1 ≤ k ≤ m. Note that the partition b0, . . . , bKn will only
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used for the jth component while the partition a0, . . . , aK will be used for the
rest of the component. Setting

u+ = (ar1+1, . . . , arj−1+1, brj+1, arj+1+1, . . . , arm+1),

u∗+ = (ar1+1, . . . , arj−1+1, brj , arj+1+1, . . . , arm+1),

u− = (ar1 , . . . , arj−1
, brj , arj+1

, . . . , arm),

and
u∗− = (ar1 , . . . , arj−1

, brj+1, arj+1
, . . . , arm),

one obtains

γj+i,n,m(u,Φ, δ) ≤ γj+i,n,m(u+,Φ, δ)+1{brj ≤ ui+j−1 ≤ brj+1}
m∏
k=1

k 6=j

1{ui+k−1 ≤ ark+1},

γj+i,n,m(u,Φ, δ) ≥ γj+i,n,m(u−,Φ, δ)−1{brj ≤ ui+j−1 ≤ brj+1}
m∏
k=1

k 6=j

1{ui+k−1 ≤ ark},

Rj+
i,n,m(u,Φ, δ) ≤ Rj+

i,n,m(u+,Φ, δ)+{brj+1−brj}
j−1∏
k=1

1{ui+k−1 ≤ ark+1}
m∏

k=j+1

ark+1,

and

Rj+
i,n,m(u,Φ, δ) ≥ Rj+

i,n,m(u−,Φ, δ)− {brj+1 − brj}
j−1∏
k=1

1{ui+k−1 ≤ ark}
m∏

k=j+1

ark ,

Combining these facts, one easily obtains κj+n,m(u,Φ, δ) ≥ κj+n,m(u−,Φ, δ) −
(Rj+

n,m(u+,Φ, δ) − Rj+
n,m(u−,Φ, δ)) − (Bn,m(u∗−) − Bn,m(u−)) − 2∆n

√
n and

κj+n,m(u,Φ, δ) ≤ κj+n,m(u+,Φ, δ)+(Rj+
n,m(u+,Φ, δ)−Rj+

n,m(u−,Φ, δ))+(Bn,m(u+)−
Bn,m(u∗+)) + 2∆n

√
n , hence |κj+n,m(u,Φ, δ)| is less or equal to

|κj+n,m(u+,Φ, δ)|+ |κj+n,m(u−,Φ, δ)|+ |Rj+
n,m(u+,Φ, δ)−Rj+

n,m(u−,Φ, δ)|
+ |Bn,m(u+)− Bn,mn(u∗+)|+ |Bn,m(u∗−)− Bn,m(u−)|+ 2∆n

√
n .

The term 2∆n

√
n = 2

√
n /Kn converges to zero by the choice of Kn.

Since ‖u+ − u∗+‖ and ‖u∗− − u−‖ are smaller than ∆n which goes to zero,
then supu∈[0,1]m |Bn,m(u+)−Bn,m(u∗+)| and supu∈[0,1]m |Bn,m(u∗−)−Bn,m(u−)|
both converge to zero in probability by the tightness of the empirical process
Bn,m. While, by the triangular inequality, |Rj+

n,m(u+,Φ, δ)−Rj+
n,m(u−,Φ, δ)| ≤

|Rj+
n,m(u+,Φ, δ) − Rj+

n,m(u∗+,Φ, δ)| + |Rj+
n,m(u∗+,Φ, δ) − Rj+

n,m(u−,Φ, δ)|. It fol-
lows from Lemmas 10 and 11 that supu∈[0,1]m |Rj+

n,m(u+,Φ, δ)−Rj+
n,m(u−,Φ, δ)|

goes to zero in probability as η goes to zero. The proof will then be complete
if one shows that

max
0≤rj≤Kn

max
0≤rk≤K;k 6=j

|κj+n,m(u−,Φ, δ)|

converges to zero in probability.
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Let ε be an arbitrary positive number and note that

P

{
max

0≤rj≤Kn
max

0≤rk≤K;k 6=j
|κj+n,m(u−,Φ, δ)| > ε

}
≤ KnK

m−1 max
0≤rj≤Kn

max
0≤rk≤K;k 6=j

P
{
|κj+n,m(u−,Φ, δ)| > ε

}
.

Now for h ∈ {1, 2, . . . ,m} define

κj+,hn,m (u,Φ, δ) =
1
√
nm

bn/mc∑
k=1

κj+(k−1)m+h,n,m(u,Φ, δ).

Since |κj+i,n,m(u,Φ, δ)| ≤ 1, one verifies that |κj+n,m(u,Φ, δ)−∑m
h=1 κ

j+,h
n,m (u,Φ, δ)| ≤

m/
√
nm ≤ ε/2 for n large enough. It follows that P

{
|κj+n,m(u−,Φ, δ)| > ε

}
≤∑m

h=1 P
{
|κj+,hn,m (u−,Φ, δ)| > ε/(2m)

}
. For each h ∈ {1, 2, . . . ,m} one notices

that κj+,hn,m (u−,Φ, δ) is a sum of martingale differences with respect to the fil-

tration F j,hk = σ{ε0, ε1, . . . , εkm+h+j−2}. Applying Rosenthal’s inequality (Hall
and Heyde (1980)) shows that there exists a constant C such that

P
{
|κj+,hn,m (u−,Φ, δ)| > ε

}
≤ C

n2
mε

4

bn/mc∑
k=1

E
[(
κj+(k−1)∗m+h,n,m(u−,Φ, δ)

)4
]

+
C

n2
mε

4
E


bn/mc∑
k=1

E
[(
κj+(k−1)∗m+h,n,m(u−,Φ, δ)

)2 ∣∣∣Fhk−1

]
2

.

Since |κj+,hn,m (u,Φ, δ)| ≤ 1 the first term in the above inequality is bounded
C

nmη4
. For the second term observe that

E


bn/mc∑
k=1

E
[(
κj+(k−1)∗m+h,n,m(u−,Φ, δ)

)2 ∣∣∣Fhk−1

]
2

=E


bn/mc∑
k=1

Rj+
(k−1)∗m+h,n,m(u−,Φ, δ)(1−Rj+

(k−1)∗m+h,n,m(u−,Φ, δ))


2

≤E


bn/mc∑
k=1

Rj+
(k−1)∗m+h,n,m(u−,Φ, δ)


2

≤E
[ bn/mc∑

k=1

F
{
F−1(uj) + max

(
0,Γ(k−1)∗m+h+j−1(Φ) + δΓ̄(k−1)∗m+h+j−1

)}
− uj

]2

≤E
[ bn/mc∑

k=1

F
{
F−1(uj) +BΓ̄(k−1)∗m+h+j−1

}
− uj

]2

,
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where B = ‖Φ‖+ |δ|. One can easily check that the above is bounded by the
sum of

2E

{ bn/mc∑
k=1

[
F
{
F−1(uj) +BΓ̄(k−1)∗m+h+j−1

}
− uj

]

× 1{max
1≤`≤p

|X(k−1)∗m+h+j−1−`| ≤ an}
}2

(3)

and

2E

{ bn/mc∑
k=1

[
F
{
F−1(uj) +BΓ̄(k−1)∗m+h+j−1

}
− uj

]

× 1{max
1≤`≤p

|X(k−1)∗m+h+j−1−`| > an}
}2

. (4)

Applying the mean value theorem shows that (3) is bounded by

‖f‖2B2
[
4n+ 4E

( n∑
i=1

p∑
l=1

|Xi−l|
ãn

1{|Xi−l| ≤ an}
)2]

which is also bounded by

‖f‖2B2
[
4n+ 4n2p2E

( |X1|2

ã2
n

1{|X1| ≤ an}
)]
.

Simple computations show that (4) is bounded

2E
( n∑
i=1

1{max
1≤l≤p

|Xi−l| > an}
)2

≤ 2n2pP{|X1| > an}.

By assumptions, (2) and Feller (1971) (Theorem 2 p 283), one has both

nP{|X1| > an} and nE
(
|X1|2
a2n

1{|X1| ≤ an}
)

converge to finite limits. Com-

bining these facts yields

P

{
max

0≤rj≤Kn
max

0≤rk≤K;k 6=j
|κj+n,m(u−,Φ, δ)| > ε

}
≤ C2KnK

m−1

nε4

(
1 +

a2
n

ã2
n

)

for some constant C2. The above converges to zero for any ε > 0 by the choice
of Kn and the fact that an/ãn is a slowly varying function of n.

Lemma 13 If assumptions (A.1)–(A.4) are satisfied then for any compact set
D ⊂ Rp+1,

sup
Φ∈D

sup
u∈[0,1]m

∣∣∣∣∣∣Rj
n,m(u,Φ, 0)− Φ0f(F−1(uj))

m∏
k=1;k 6=j

uk

∣∣∣∣∣∣
18



converges to zero in probability.

Proof: One first writes

sup
Φ∈D

sup
u∈[0,1]m

∣∣∣∣∣∣Rj
n,m(u,Φ, 0)− Φ0f(F−1(uj))

m∏
k=1;k 6=j

uk

∣∣∣∣∣∣
≤ sup

Φ∈D
sup

u∈[0,1]m

∣∣∣Rj
n,m(u,Φ, 0)−Rj

n,m(u,Φ∗, 0)
∣∣∣

+ sup
Φ∈D

sup
u∈[0,1]m

∣∣∣∣∣∣Rj
n,m(u,Φ∗, 0)− Φ0f(F−1(uj))

m∏
k=1;k 6=j

uk

∣∣∣∣∣∣
where Φ∗ = (Φ0, 0, . . . , 0). Applying the Mean Value Theorem one sees that

∣∣∣∣∣∣Rj
n,m(u,Φ∗, 0)− Φ0f(F−1(uj))

m∏
k=1;k 6=j

uk

∣∣∣∣∣∣
≤
|Φ0|f(F−1(uj))

∏m
k=j+1 uk

nm

∣∣∣∣∣
nm∑
i=1

[ j−1∏
k=1

1{εi+k−1 ≤ F−1(uk)} −
j−1∏
k=1

uk
]∣∣∣∣∣

+|Φ0|
∣∣∣f(ξ)− f(F−1(uj))

∣∣∣
where ξ ∈ [F−1(uj), F

−1(uj) + Φ0/
√
n ]. Straightforward computations yields

sup
Φ∈D

sup
u∈[0,1]m

∣∣∣∣∣∣Rj
n,m(u,Φ∗, 0)− Φ0f(F−1(uj))

m∏
k=1;k 6=j

uk

∣∣∣∣∣∣
≤ B‖f‖ sup

t∈Rm
|Fn,m(t)− Fm(t)|+B sup

|x−y|≤B/
√
n

|f(x)− f(y)|

where B = supΦ∈D ‖Φ‖. The above goes to zero by the uniform continuity of
f and an adaptation of the Glivenko-Cantelli Lemma. To complete the proof
note that

sup
Φ∈D

sup
u∈[0,1]m

∣∣∣Rj
n,m(u,Φ, 0)−Rj

n,m(u,Φ∗, 0)
∣∣∣ ≤ B‖f‖ 1

√
nm

nm∑
i=1

p∑
`=1

|Xi+j−1−`|
ãn

≤ Bp‖f‖
√
n

√
nm

1√
n ãn

n∑
i=1

|Xi|.

which goes to in probability to zero by Lemma 7 and the fact that m is finite.

4.1 Proof of Proposition 5:

The proof follows similar arguments to those used in Ghoudi and Rémillard
(2004). First define
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γAn,m(u,Φ, δ) =
1√
n

n∑
i=1

∏
j∈A

(
1{εi+j−1 ≤ F−1(uj) + Γi+j−1(Φ) + δΓ̄i+j−1}

−1{εi+j−1 ≤ F−1(uj)}
) ∏
j∈Ac

1{εi+j−1 ≤ F−1(uj)}

and observe that βAn,m(t) = γAn,m(u, Φ̂, 0) where uk = F−1(tk) for 1 ≤ k ≤ m.

Since Φ̂ is tight, to prove Proposition 5 it suffices to show that

sup
Φ∈D

sup
u∈[0,1]m

γAn,m(u,Φ, 0)

converges to zero in probability for any compact subset D ⊂ Rp+1. To do so
assume that D is a compact subset of Rp+1 and set B = supΦ∈D ‖Φ‖. Let ζ
be a positive number and note that |γAn,m(u,Φ, 0)| ≤ S1 + S2 where

S1 =
∣∣∣ 1√
n

n∑
i=1

∏
j∈A

(
1{εi+j−1 ≤ F−1(uj) + Γi+j−1(Φ)}

− 1{εi+j−1 ≤ F−1(uj)}
) ∏
j∈Ac

1{εi+j−1 ≤ F−1(uj)}1{ max
1≤j≤m

Γ̄i+j−1 ≤
ζ

B
}
∣∣∣

and S2 = 1√
n

∑n
i=1 1{max1≤j≤m Γ̄i+j−1 >

ζ
B
}. One verifies that the term S2 ≤∑m

j=1
1√
n

∑n
i=1 1{Γ̄i+j−1 >

ζ
B
} and hence converges to zero in probability for

any ζ > 0 by Lemma 7. To consider S1 note that since Card(A) ≥ 2 there
exist j, j0 ∈ A such that 1 ≤ j < j0 ≤ m. Recall that Γk(Φ) ≤ BΓ̄k for any
Φ ∈ D and observe that

S1 ≤
1√
n

n∑
i=1

1{F−1(uj) < εi+j−1 ≤ F−1(uj) +BΓ̄i+j−1}

× 1{F−1(uj0)− ζ < εi+j0−1 ≤ F−1(uj0) + ζ}
×

∏
k∈A\{j,j0}

1{εi+k−1 ≤ F−1(uk) + ζ}
∏
k∈Ac

1{εi+k−1 ≤ F−1(uk)}

+
1√
n

n∑
i=1

1{F−1(uj)−BΓ̄i+j−1 < εi+j−1 ≤ F−1(uj)}

× 1{F−1(uj0)− ζ < εi+j0−1 ≤ F−1(uj0) + ζ}
×

∏
k∈A\{j,j0}

1{εi+k−1 ≤ F−1(uk) + ζ}
∏
k∈Ac

1{εi+k−1 ≤ F−1(uk)}

The right-hand-side of the above is equal to γj+n,m(uζ , 0, B)− γj+n,m(u∗ζ , 0, B)−
γj−n,m(uζ , 0,−B) + γj−n,m(u∗ζ , 0,−B) where uζ is such that uζk = F (F−1(uk) + ζ)

for k ∈ A \ {j} and uζk = uk otherwise and u∗ζ is such that u∗ζk = uζk for all
k 6= j0 and u∗ζj0 = F (F−1(uj0) − ζ). Adding and subtracting Rj+

n,m or Rj−
n,m as

needed one obtains S1 ≤ |κj+n,m(uζ , 0, B)|+|κj+n,m(u∗ζ , 0, B)|+|κj−n,m(uζ , 0,−B)|+
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|κj−n,m(u∗ζ , 0,−B)| + |Rj+
n,m(uζ , 0, B) − Rj+

n,m(u∗ζ , 0, B)| + |Rj−
n,m(uζ , 0,−B) −

Rj−
n,m(u∗ζ , 0,−B)|. Next note that uζ and u∗ζ only differ in their j0th com-

ponent and that |uζj0 − u
∗ζ
j0 | ≤ 2‖f‖ζ. Since ζ can be made arbitrarily small,

calling on Lemmas 11 and 12 completes the proof.

4.2 Proof of Proposition 6:

As noted earlier β{j}n,m(t) = γjn,m(u, Φ̂, 0) = κjn,m(u, Φ̂, 0) + Rj
n,m(u, Φ̂, 0) for

u = (u1, . . . , um) with uk = F (tk) for 1 ≤ k ≤ m. It follows from Lemma
12 and the tightness of (Φ̂) that supu∈[0,1]m |κjn,m(u, Φ̂, 0)| converges to zero in

probability. To complete the proof note that the tightness of (Φ̂) and Lemma
13 imply that supu∈[0,1]m |Rj

n,m(u, Φ̂, 0) − Φ̂0f(F−1(uj))
∏
k 6=j uk| converges to

zero in probability and hence supt∈Rm |β{j}n,m(t)−Φ̂0f(tj))
∏
k 6=j F (tk)| converges

to zero in probability.

4.3 Proof of Theorem 1:

By definition K̃n,m(t) = Bn,m(F (t1), . . . , F (tm)) + βn,m(t). Since βn,m(t) =∑m
j=1 β

{j}
n,m(t) +

∑
A⊂I;Card(A)>1 β

A
n,m(t), it follows from Propositions 6 and 5

that supt∈Rm |βn,m(t)−∑m
j=1 Φ̂0f(tj))

∏
k 6=j F (tk)| converges to zero in proba-

bility. Therefore K̃n,m(t) is asymptotically equivalent to Bn,m(F (t1), . . . , F (tm))+∑m
j=1 Φ̂0f(tj))

∏
k 6=j F (tk) which, by assumptions, converges weakly to the pro-

cess Bm(F (t1), . . . , F (tm)) +
∑m
j=1 Z0f(tj))

∏
k 6=j F (tk).

4.4 Proof of Theorem 4:

Let F̃−1
n (u) = inf{t ∈ R : F̃n(t) ≥ u} for 0 < u < 1 and note that

|[F{F̃−1
n (u)} − u] + [F̃n{F̃−1

n (u)} − F{F̃−1
n (u)}]| = |F̃n{F̃−1

n (u)} − u| ≤ 1/n.
Next, by definition Cn,m(u1, . . . , um) is equal to K̃n,m(F̃−1

n (u1), . . . , F̃−1
n (um))+√

nm[
∏m
i=1 F{F̃−1

n (ui)} −
∏m
i=1 ui]. Direct algebraic manipulations show that

sup
u∈[0,1]m

√
nm

∣∣∣∣∣∣
m∏
i=1

F{F̃−1
n (ui)} −

m∏
i=1

ui −
m∑
j=1

[
F{F̃−1

n (uj)} − F̃n{F̃−1
n (uj)}

]∏
i 6=j

ui

∣∣∣∣∣∣
converges to zero in probability. Using the above and Theorem 1, one concludes
that Cn,m(u1, . . . , um) converges to

K̃m(F−1(u1), . . . , F−1(um))−
m∑
j=1

K̃m(F−1(uj),∞, . . . ,∞)
∏
i 6=j

ui
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which simplifies to Bm(u1, . . . , um)−∑m
j=1 Bm(uj, 1, . . . , 1)

∏
i 6=j ui.
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