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Abstract

An integral part of successful financial risk management is the accurate
calculation of the price sensitivities. There are a number of recent research
papers that have focused on this issue. A strand of literature applied the finite
difference method which is biased. Another strand of literature makes use
of the the Malliavin calculus within a jump diffusion framework. However,
these papers provide the price sensitivities by conditioning on some of the
stochastic part of the process. The current paper provides price sensitivities
in jump diffusion model without conditioning on any stochastic part in the
model. These estimates are shown to be unbiased. Thus, the solution that is
provided in this paper is expected to induce decision making under uncertainty

more precise.
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1 Introduction

The calculation of price sensitivities is necessary input for successful financial risk
management. It is widely agreed in the literature that the modeling of financial
derivatives is more precise if the process of generating the future price of the under-

lying asset is modeled as a jump-diffusion process *. Several recent papers deal with
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tOne of the most applied models for option pricing is the Black and Scholes (1973) formula.
However, the Black and Scholes model suffers from the continuity of the Brownian motion and thus
from the exclusion of jumps.



this issue based on a jump-diffusion formula that generates the underlying asset price
via a Brownian motion and a Poisson process jointly. However, the calculations of the
price sensitivities are provided by conditioning on either the Brownian motion or the
Poisson process. Thus, there is scope for further research on this important topic by
providing unconditional calculations. The main contribution of the current paper is
therefore to provide an approach for the calculation of the price sensitivities when the
underlying asset price is generated by both a Brownian motion and a Poisson process
simultaneously, i.e. a jump-diffusion model. These calculations are provided via the
Malliavin calculus without conditioning on any random part in the jump-diffusion
process. The crucial advantage of the Malliavin calculus is that it provides unbiased
estimators compared to the commonly used finite difference approach that usually
results in biased estimators. Consequently, the solution that is provided in this pa-
per is expected to improve on the correctness of the calculations of the underlying
price sensitivities for successful decision making under uncertainty. The suggested
method can be used for the computation of the price sensitivities when the stochastic
process describing the stock’s price includes jumps. There are five price sensitivities
of a trading position that are usually denoted as ”Greeks” in the financial literature.
The importance of a precise calculation of these Greeks is paramount pertinent to
immunization of underlying risk. The change of the trading position with regard
to the price of the underlying asset is called Delta. The change of the delta for
a portfolio of options with regard to the price of the underlying asset is known as
Gamma. Another source of risk in this context is signified as Vega, which represents
the sensitivity of the trading position with regard to a change in the volatility of the
underlying asset. The change of the portfolio with regard to time under the ceteris
paribus condition is known as Theta. Finally, the sensitivity of the trading position
with regard to the interest rate is known as Rho in the literature. Each Greek mea-
sures a source of risk for the underlying trading position. Traders need to calculate
their Greeks at the end of every trading day in order to take necessary action if the

internal risk exceeds the prespecified levels in the underlying financial institution



that the trader is linked to, in order to avoid dismissal. We utilize the Malliavin
calculus to provide an accurate and operational solution for each price sensitivity.
This approach is particularly useful since the price of the option is characterized
by a stochastic structure that cannot be given in closed form. Therefore, the study
of price sensitivities via this approach is very important in this context. Via the
Malliavin calculus we can transform the differentiation into integration and thereby
make the calculation of the unbiased price sensitivities operational. Most previous
work on the price sensitivities makes use of the finite difference method, which can
be an biased approach. However, the Malliavin method is unbiased and it is also less
time consuming in terms of convergence. There has been some work done on this
issue using the Malliavin method. The main contribution of this paper is to extend
the Malliavin approach to calculating the price sensitivities when the price of the
underlying asset follows a jump-diffusion process. To ensure the market is arbitrage
free, one should find a probability equivalent to the historical one under which the
discounted prices are martingale, based on the first part of fundamental theorem of
the asset pricing.

The application of the Malliavin calculus to the computations of price sensi-
tivities was introduced by [FLLLT99] for markets with Brownian information. Their
approach rests on the Malliavin derivative on the Wiener space and consists of two
parts-namely the application of the chain rule and utilizing the fact that this deriva-
tive has an adjoint (Skorohod integral) which coincides with the It integral for
adapted processes. Several papers employing this method have been developed for
markets with jumps. For pure jump markets, [KP04] use the Poisson noise via the
jump times, while [BBMO07] differentiate w.r.t. both the jump times and the ampli-
tude of the jumps. For jump-diffusion models, [DJ06] apply the Malliavin calculus
w.r.t. the Brownian motion while conditioning on the Poisson component. [BMO06]
allow the Poisson noise to act on the amplitude of the jumps but not with regard to
the timing of the jumps. Naturally, the timing of the jump is at least as important

if not more in financial terms than the size of the jump. For example, the timing of



a financial crisis can be more important than the potential size of the crisis. How-
ever, in the previous work on price sensitivities there have not been any calculations
that take into proper account both stochastic components simultaneously without
conditioning on any part. In addition, we account for the timing of the jumps in the
computations. These are the main contributions of current paper.

After this introduction the remaining part of the paper is organized as follows: Sec-
tion two presents the the model. In Section three we apply the Malliavin calculus to
derive the formula for computing the Greeks. The last Section concludes the paper.

The appendix is devoted to Brownian and Poisson Malliavin derivatives.

2 The model

In this paper we apply the Malliavin calculus to compute Greeks for options with
payoff f(St) for discontinuous models. We consider a European option with maturity
T. We assume that the underlying asset price is driven by a jump diffusion model.
Let B = (By)cjo,r) be a standard Brownian motion and N = (INV;)icpo,r) denote a
standard Poisson process. We work in a probability space (€2, F, P). The market
is incomplete, since there are infinitely many of P-Equivalent Martingale Measure
(EEM.M.). A P-EM.M. @ is characterized by its Radon-Nikodym density with

respect to P given by
T 1 /T T
or = exp (/ asdB; — 5/ a’ds +/ In(1 + Bs)(dNg — ds)
0 0 0
T
+ / (In(1 + Bs) — Bs)ds) ,

0

where > —1 and by the equation
pe — 1 + ooy + oy = 0.

Consider the two processes W = (Wy)ico,r) and M = (My)cjo,r) where for t € [0, T

t t
Wt = Bt — / Oést and Mt = Nt — / (1 + ﬁs)ds.
0 0



By Girsanov theorem [J79] W is a Q-Brownian motion and M is a Q-compensated

Poisson process. The dynamic of (S;)¢cjo,r) under @ is

ds,
?'f = rydt 4+ oy [dW, +dM,), te[0,T], So==xz>0,
t
which means
T T 1 k=N
Sy = zexp (/ o dWy +/ (re — oe(1 4 5y) — §U§)d8) X H (1+o7,),
0 0 1

where (T},)>1 denotes the jump times of (V). Let ¢ be a parameter taking the
values: Sy = x, the volatility o, or the interest rate . Consider a standard Poisson

process N = (N;)ier, with jump times (7});en and let H denote the Cameron-Martin

H:{u:/oiutdt : ueLQ(R+)}.

For u € H and a smooth functional F,, = f(Ty,...,T,), f € C{(R"),n > 1 of the

space

Poisson process, we let
k=n
DYF, ==Y upouf(Th,.... T,).
k=1

Unfortunately, N; does not belong to Dom (DY), i.e. the domain of D¥. Therefore,

any underlying asset price (S;)tcr, formulated as
dS; = ,utStdt + O'tSt— (dNt — dt), te R+, S() =T > 0,

does not belong to Dom (DV). Nevertheless, for T € R, fOT S;dt € Dom (D),

since it can be written as

T T AT , i=k
[ sar=y [ welivem [T+ o
0

k>0 Y DT i=0

In [KP04] only options with payoff of the form f( fOT Sydt) were considered and those
with payoff f(S7) were excluded. However, this paper can deal with both forms of
the payoffs.



To show the point consider a smooth functional F' = Zzzﬂ Linpg=m}Fny m > 1,

where F, := f(T4,...,T,) and f € C}(R"). Let

DYF =Y 1(ny—ny D) F,.
n=1

DV is a derivative and it has and adjoint and satisfies the fact 2 (see Prop.4 and
Prop.5 in the appendix). Moreover N; belong to Dom (ﬁN ). In the following section

we show how the Greeks can be calculated.

3 Computations of Greeks

In this section we compute the Greeks using Malliavin calculus for European options
with maturity 7" and payoff f(S7). Let C' = E[f(S5)] be the price of the option.
The computations of Greeks by the Malliavin approach rest on the integration by

parts formula given in the following proposition®.

Proposition 1 Let I be an open interval of R, (F*)cer and (G*)cer be two families
of random functionals in Dom (DN)(Dom (DV), continuously differentiable with

respect to the parameter ¢ € I. Let (u;)icjo,r) be a process satisfying
(DY + DVYFC 40, a.s. on {0:F° #0}, Ce€l,

such that uG<9.F< /(DY + DW)F< is continuous in ¢ in Dom (6V) () Dom (") and
fOT udt = 0. We have

%E Gof (FS)] = E

09 (S (S8 )

(DN + DW)F¢ DN 4 DW)F¢

£ (79 ( _ GSOF 5 ) —DZV< _ GEQF ))
(DY + DY) F¢ (DY + DY) F¢

for any function f such that f (FC) e L*(Q),Cel.

+E L E[f(FS) .64,

Proof.  For function f € C;°(R), we have

2 B1GT (F9)) = BG0cs (F)] +E [F () 0]

§See [FLLLT99] for the Brownian case and [KP04] for the Poisson case.




(DY + DY) f (F9)

= E L
(D + D) Fe

G O F¢

+E[f(F)0.G].

Then we conclude using Propositions 4 and 6 from the appendix A. The extension
to f (FC) € L?(Q) with ¢ € I, can be obtained from the same argument as in p. 400
of [FLLLT99] and in [KP04] p. 167 for the Poisson case, using the bound

0 -

ae B LG F)) = B[ (F) (VO™ @) + 0" () = (DY + DIWV* + 06 | \
< FE) = FuF) iagey |[VE©Y () + 6% () — (DY + DIV + 0G|

L(Q)’

and an approximating sequence ( f,,)nen of smooth functions, where V¢ := G0, F¢/ (153’ +
DW)F¢, O

It is worth mentioning here that the Malliavin method is unbiased. Indeed, the Mal-
laivin method provides a new representation of the sensitivitiesif T := a%E [GC f (F C)}
is one of the price sensitivities, and T, is its value using Malliavin method then we
have by Proposition. 1 T = Tj; and thus E[Yy] = E[Y]. In the other hand, the
Finite Differences method gives an approximation of the sensitivities and we have

E[Yr] # E[T].
Delta, Rho, Vega

Consider an option with payoff f (F 4). The Greeks Delta := %—g, Rho = %—f and

Vega = ‘g—g can be computed from Proposition 6(presented in the appendix)

0 ~

ac” [f(F)]=E [f (F©) L™ (u) + 6" (u)) — (D) + DZV)LC] : (3.1)
where we let G¢ = 1 and L¢ := %. As an example we compute the delta¥

of an European option using ( 3.1) with ¢ =z, f(F°) = f(St), and O:F¢ = 9,57 =
%ST. We have

Delta = 9,5 [e "7 (Sp)| = e K [ £ (Syp) (L7(8™ + ") (w) — (D) + D)L ) |

TWe can use the same techniques for Rho and Vega.



where
1 S 1 1
[ T

(DY +DF)Sr T [Fuodt — [ H2LdN,

And

DVIL* = 0
~ ~ T uta/ T UtU/
DNL* = (L*)*DY / LdN; | = —(L%)? / up Oy ———d N,
0 1+O't 0 1+Ut
T "\2
— —(L’”)Q/ i <(0£u; + wo, ) — utft) )dNt,
0

1+Jt

here we supposed that o # 0.

We can use

T T
N(u) = /0 iy dN, = /0 (AN, — dt) = g,

k>0

T
5W('U) = / 'Utth = 5 ,Utj,l (Wtj - Wtj—l)’
0

j=1
for uw € H such that fOT i dt = 0 and v adapted.

Gamma

For computing the Gamma = 25 we let H* := L=(6" (u) + 6" (u)) — (DY + DV) L*.

8232 )

By using (3.1) and Prop. 1 the following formula is obtained

T 0? T o (0 T 0
_ = rsds o\ = Jy rsds ¥ [ Y x _ = [ rsds @ x
Gamma = e 6x2E[f(F ) =e e ((?a;E[f(F )]) e 83:'E[f(F ) H”]
i [y (v (HOE
(DY + D) Fe (DY + Dyl Fe

f(F7) ( O W ()~ DY ( 5y s o >>
(DY + DY) F= (DY + DY) F=

4 Conclusions

+ K

+ E[f(F%) axH"”]}.

Making use of options is a common practice in financial markets by investors and

other financial agents for neutralizing or reducing the price risk of the underlying



asset. Thus, option pricing is an integral part of modern financial risk management.
The accurate calculation of price sensitivities is vital input in financial risk manage-
ment models. Previous literature suggests that modeling financial derivatives based
on a jump-diffusion process for generating the future price of the underlying asset
is more precise. Several recent papers attempt to tackle this problem based on a
jump-diffusion model that consists of a Brownian motion component and a Pois-
son process component jointly. Nevertheless, the price sensitivities are calculated
by conditioning on one of the stochastic parts, either the Brownian motion or the
Poisson process. Using Malliavin calculus, this paper provides the calculation of the
price sensitivities in a situation in which the underlying asset price is generated by
both a Brownian motion and a Poisson process simultaneously, i.e. a jump-diffusion
model whiteout any conditioning on any random part in the jump-diffusion process.
It is also shown that the Malliavin calculus provides unbiased estimators unlike the

commonly used finite difference approach.
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A Appendix

We give a brief presentation of the Malliavin derivative on the Wiener space and
its adjoint. The new version of the Poisson gradient introduced in [Pr09] is also
presented. The Poissonian operator is a derivative and it admits an adjoint which
coincides with the Poissanian It6 integral for adapted processes. For more details
about the Malliavin calculus we refer| to [@ks96] and [Nu95] on the Wiener space
and to [Bi83], [CP90], [D00], [ET93], [NVI0], [Pr94] and [Pr09] on the Poisson space.

A.1 Malliavin derivative on the Wiener space

From now on, we fix a terminal time 7" > 0 and consider the Wiener space Cy([0,T1),
the set of continuous functions on [0, 7] vanishing in 0.
Let (D}Y)iepo,r) be the Malliavin derivative on the Wiener space. We denote by P

the set of random variables F': {2 — R, such that F has the representation

Flw) = f ( / " haw.... / ' fn<t>dwt) |

where f(z1,...,2,) =), aqx® is a polynomial in n variables z,...,x, and deter-

ministic functions f; € L*([0,7]) . Let ||.|}12 be the norm
1F|l12 = | Fllz2@) + IDY Fllz2qory),  F € Dom (D).
We have P C Dom (D") and the following Proposition holds:

Proposition 2 Given F = f ( JE @ dws, .. [T fn(t)th> e P. We have

/ Chwawn [ fn(t)th> (D).

0 0

of
DVF = Za—mk<

From now on, for any stochastic process u and for F' € Dom (DY) such that

u, DV F € L*([0,T]) we let

T
D) F = (DY F,u) 20y = / u,D}" Fat.
0

IThe list is not exhaustive.

12



A.1.1 Skorohod integral

Let 6" be the Skorohod integral on the Wiener space. The next Proposition is well
known, it says that 6" is the adjoint of D" and is an extension of the Itd integral

(see for example [Dks96]).
Proposition 3 a) Let u € Dom (6") and F' € Dom (D"), we have
E[F§Y (u)] = E[DY F], for evry F € Dom (D").
b) Consider a L*(Q x [0, T])-adapted stochastic process u = (ut)iejor). We have
T
5W(U) :/ Utth.
0
c¢) Let F € Dom (DY) and u € Dom (8") such that uF € Dom (") thus
sV (uF) = F§" (u) — DVF.

A.2 Poisson derivative

Let § denote the set of smooth functionals

F =Y 1ng=nyFn, where F,= f,(T1,---,T,) € Dom (DY), meN"={1,2,...},

n=1

and for 1 <n <m, f, € C}(R").

Definition 1 Given an element u of the Cameron-Martin space H and F' € S as in

the above, we define the gradient™

n=m n=m k=n
Dz]LVF = Z 1{NT:n}D1]:[Fn = Z 1{NT:n} <_ ZuTkakfn(Th o 7Tn)) : (Al)
n=1 n=1 k=1

The next proposition shows that the gradient DY is a derivative.

Proposition 4 Consider F = """ inpemy o and G = Y 0" 1ing=n} Gy two
smooth functionals in S, where F,, = f,(T1,--+,T,) € Dom (DV) and G,, = G, (T1,--- ,T;) €
Dom (D¥). We have

DN(FG) = FDNG + GDNF.

**see [Pr09], section 7.3.
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Proof. 'We have

n=m l=m n=m
FG =) YUnp=mF)O_ Line=nG) = > Ling=ny FuGa.
n=1 =1 n=1

Thanks to the chain rule of the gradient DY, we have

ﬁiV(FG) - Z 1{NT:"}FRD1]LVG" + Z 1{NT:n}GnDiVFn

n=1 n=1

— FDNG+GDNF.

Remark 1 Let Dom (DN) be the domain of DV.

1. Dom (DY) C Dom (D). In fact any F € Dom (DY) can be written as
F=3-0ling=m F. We have DNF = DNF.

2. Dom (DY) contains Ny and DN Ny =0, since Ny = > >0 LNp=ny7-
A.2.1 Adjoint

The following proposition gives the adjoint gradient for DV, it is well-known, cf. e.g.

[CP90], [Pr94], [Pr02].

Proposition 5 Consider F' € Dom (DV) and u € H, we have

a) The gradient DY is closable and admits an adjoint 5 such that
E[DYF] = E[F§Y (u)].
b) For u € Dom (6V) such that uF € Dom (6%) we have
§N(uF) = F6"(u) — DYF.

¢) Moreover, 6™ coincides with the compensated Poisson stochastic integral on the

adapted processes in L*(Q; H):

14



To be able to use the Malliavin method for the computations of Greeks we need to
show first the existence of an adjoint for DV satisfying the properties of 6V listed in
Prop. 5. The relationship between DY and DV will be very helpful. In fact, we have

6" is the adjoint of DV as it is shown in the following proposition .

Proposition 6 With previous notations:
a) DN is closable and admits 6~ as adjoint. Moreover, if F = Yo Ynpeny Fy in
S with F, = f,(Ty,- -+ ,T,,) € Dom (DY) and v € H such that fo wdt = 0 then

E[DNF] = E[F5™ (u)).
b) For F,G € Dom (DY) and u € Dom (6") with fOTutdt =0
E [Gf)fj F] —F [F(GéN(u) — DV G)] .
Proof of the Prop. 6

First, we need the following lemma

Lemma 1 Consideru € H such that fOT udt = 0 and a smooth functional f(Ty,--- ,T,) €

Dom (DY), we have
E[DYf(Ty, -+, T,) | Np =n] = E[f(T, -+, T,)6" (u) | Np = n] .
Proof of the Lemma 1.

Proof.  Let uw € H such that fOT wdt = 0. We follow [Pr02], Lemma 1. We
consider the simplex A, = {(t1,...,t,) € [0,T]": 0 <t} < --- < t,}. We have for
fe LA, dt,... dt,),

Elf(Ty, -, T,) | Np =n] = ”'// /ftl, )dt . dt,

And -
E[D’]uvf<T17,Tn>’NT:n]:_ZIk’
k=1

n' T tn t2
I, = _/ / / uy O f (b, -+ ty)dty .. dty,
™ Jo Jo 0

tThe proof of this proposition can be found in [Pr09]: Section 7.3. However another proof is
provided here with the condition fOT tgdt = 0.

where

15



k=1 We have by integration by parts

to [2)
/ uhalf(tla"' >tn)dt1 :_/ uhf(tla"' atn)dtl+ut2f(t27t2>'“ atn)
0 0

Thus
I = Ay + By,
where
n‘ T tn to
A = __n/ / / g, f(t1, -+ t,)dty -+ - dty,
™ Jo Jo 0
n| T tn t3
By: = ﬁ/ / / Upy [ (tay tay -+ L) dts - - dby.
o Jo 0
k=2 We have

t3 to
/ U, / Oaf(t1, -+ ty)dt1dts
0 0

t3 to t3
= / utﬁz / f(tl, R ,tn)dtldtg — / Ut2f(t2, tg, e ,tn)dtg
0 N Ot2 0 N
= _/ th / f(t17 t27 e 7tn)dt1dt2 + Uty / f(t17 t37 t37 t47 e 7tn)dt1
0 0 0

t3
_/ thf(t27t27”' 7tn>dt2
0

Thus
I, = Ay — By + Bs,

where

n! T tn t3 to
Ay: = ——;1/ / / utz,/ Fltista, - a)dty - db,
T 0 0 0 0

n T tn tq t3
BS c = _n/ / / Ut3/ f(tl,tg,tg,t4,"' ,tn)dtldtgdtn
T 0 0 0 0

By using the same argument of the above, for any k € {3,...,n — 1}, we have

U41 tk to
/ U, (/ o / Opf(te, -+ ,tn)dty - 'dtk1> dty,
0 0 0
U1 tk to
= / utkak (/ / f(th... ,tn)dtl-“dtk1> dt;,
0 0 0
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tet1
_/ / / / (b, oty by, - -+ ty)dty - - - dtp_odty,
o Jo
tkt1
= _/ Utk/ / ft1,"'7tn)dt1"'dtk
0

tet2 tet1 flre—1 t2
Uty / / : / f(t, b1, tegr, ter, - to)dty - dtp_1dtigq - dt,,
0 0

l41 ty  pte—2 t2
—/ Utk/ / / f(t, o sto—os tpy by, oo S tn)dty - - - dtp_odty.
o Jo 0

Thus for k € {3,--- ,n — 1}, we have

[e=]

=]
=]

+

S~

o

[e=]

I, = Ay, — B, + By,

where

n' T tn 41 tr to
A = _ﬁ/ / / utk/ / fty, - tn)dty -+ - dty,
0 0 0 0 0
n! T frin tet1 te  ple—2 to R
Bk‘ L= _n/ / / utk / / / f(th '7tl€—27tk’a tk‘a 7tn)dt1 : dtk—l . dtna
T 0 0 0 0 0 0

diy, denotes the absence of dty.

k=n Let

n' T tn ti to
A, = __'/ ” / / / Fltr,eeo )ty - - db,
n—2 ~
Bn = / / / / ft17"‘ n— 2,tn7t )dtl"'dtn—ldtm

we have

n' T tn to
—_n/ Utn/ / Onf(ty, -+ ty)dty -~ -dt,
= / utn / / / f tla tn)dtl e dtn - Bn

= An+_uT/ / f(tla n laT)dtl dtn—l_Bn

since fOT wdt = 0.
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Thus

k=n k=n—1
Zlk = (A1+BQ)+(A2—B2+33)+ (Ak—Bk+Bk+1>+An—Bn

k=1 k=3

k=n
= ) A
k=1

Then
k=n k=n
k=1 k=1

Sl - Vi
= Ut tl, tn tl---tn
™ Jo Jo *

0

f(Ty, - T, (ZuTk>\NT—n].

= K

Now to show that

f Tl> 7 <ZuTk> ‘NT—TL

it is sufficient to prove

f Tl, , (Z UTk / utdt> | NT = TL] = 0,

k>n

E =E [f(Th, - ,T,)0" (u) | Np =n].

E

since fOT udt = 0. Recall that for kK > n we have

E[f(Th o Tk) | Ny =n] =

tr tn+1
/ / / / / f t17 ) na"' ,tk)dtldtk

Therefore for £ > n

n' o0 tr tn
E[FUTk | NT:TL] = ﬁBT/ utket’“/ / f tl, dtldtk
0 0

codtg—



Tk
- E F/ iyt | Ny = .
Tp_1

Then

E[DYf(Ty,---,T.) | Nr=n] = E

F(Ty, -, Ty) (ZuTk —/Tooutdt> |NT:n] :

k=1
O
Now we can give the proof of Prop. 6.
Proof. a) We have using Lemma. 1 for any v € H such that fOT ugdt =0
Ell{ny=nyD)F,] = i Ell{Ny=nyDYF, | N =i]P(Nr =1)
i=1
= 1lny=m}E[D) F,, | Ny = n]P(Ng = n)
= E[1ny=n}F20" (u) | Nr = n] P(Nr = n)
= E[LnpenyFnd™ (0)] .
Thus
BIBYF] = B 1 DYE]
n=1
= 3 B [y B ()] = B ()]
n=1
b) Using the chain rule of DV and a) we obtain
E [Gﬁ{j F] —E [55 (FG) — FDY G} —E [F(G&N(u) _ DN G)] |
O
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